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HVWLPDWLQJ \LHOG FXUYHV E\ NHUQHO
VPRRWKLQJ PHWKRGV
R1 Olqwrq/4 H1 Pdpphq/5 M1 Qlhovhq/6 dqg F1 Wdqjjddug7
Mdqxdu| 8/ 4<<<
Devwudfw
Zh lqwurgxfh d qhz phwkrg iru wkh hvwlpdwlrq ri glvfrxqw ixqfwlrqv/ |lhog fxuyhv dqg iruzdug
fxuyhv iurp jryhuqphqw lvvxhg frxsrq erqgv1 Rxu dssurdfk lv qrqsdudphwulf dqg grhv qrw
dvvxph d sduwlfxodu ixqfwlrqdo irup iru wkh glvfrxqw ixqfwlrq dowkrxjk zh gr vkrz krz wr lpsrvh
ydulrxv uhvwulfwlrqv lq wkh hvwlpdwlrq1 Rxu phwkrg lv edvhg rq nhuqho vprrwklqj dqg lv ghqhg
dv wkh plqlpxp ri vrph orfdol}hg srsxodwlrq prphqw frqglwlrq1 Wkh vroxwlrq wr wkh vdpsoh
sureohp lv qrw h{solflw dqg rxu hvwlpdwlrq surfhgxuh lv lwhudwlyh/ udwkhu olnh wkh edfnwwlqj
phwkrg ri hvwlpdwlqj dgglwlyh qrqsdudphwulf prghov1 Zh hvwdeolvk wkh dv|pswrwlf qrupdolw|
ri rxu phwkrgv xvlqj wkh dv|pswrwlf uhsuhvhqwdwlrq ri rxu hvwlpdwru dv dq lqqlwh vhulhv zlwk
ghfolqlqj frh!flhqwv1 Wkh udwh ri frqyhujhqfh lv vwdqgdug iru rqh glphqvlrqdo qrqsdudphwulf
uhjuhvvlrq1
Nh| zrugv= Frxsrq erqgv> Iruzdug fxuyh> Kloehuw Vsdfh> Orfdo olqhdu> Qrqsdudphwulf uhjuhv0
vlrq> \lhog fxuyh1
34Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ \doh Xqlyhuvlw|/ 63 Klookrxvh Dyhqxh/ Qhz Kdyhq/ FW 39853
;5;4/ XVD1 Skrqh= +536, 76569<<1 Id{= +536, 765949:1 Hpdlo= olqwrqChfrq1|doh1hgx1 Uhvhdufk zdv vxssruwhg
e| wkh Qdwlrqdo Vflhqfh Irxqgdwlrq dqg wkh Qruwk Dwodqwlf Wuhdw| Rujdql}dwlrq1 Wkdqnv wr Urjhu Iduphu/ Dqguhz
Mhuh|/ Wkrqj Qjx|hq/ Shwhu Skloolsv/ dqg Mrkq Uxvw iru khosixo frpphqwv1 D frpsxwhu surjudp lq Jdxvv lv dydlodeoh
iru grlqj wkh frpsxwdwlrqv1
4
4 Lqwurgxfwlrq
Wkh whup vwuxfwxuh ri lqwhuhvw udwhv lv d fhqwudo frqfhsw lq prqhwdu| dqg qdqfldo hfrqrplfv1 Sulfhv
ri {hg lqfrph vhfxulwlhv olnh erqgv/ vzdsv/ dqg pruwjdjh edfnhg erqgv +PEE*v, duh ixqfwlrqv ri wkh
|lhog fxuyh/ dqg sulflqj ri ghulydwlyhv dovr ghshqgv rq wkh |lhog fxuyh1 Wkh vsuhdg ehwzhhq orqj dqg
vkruw whup lqwhuhvw udwhv fduulhv lqirupdwlrq derxw wkh ohyho ri ixwxuh lqwhuhvw udwhv/ vhh iru h{dpsoh
Fdpsehoo dqg Vkloohu +4<<4, dqg Hqjvwhg dqg Wdqjjddug +4<<8,1 Wkh vorsh ri wkh |lhog fxuyh kdv
iuhtxhqwo| ehhq xvhg lq hpslulfdo vwxglhv dv d suhglfwru ri ixwxuh lq dwlrq dqg qdwlrqdo lqfrphv/ vhh
Iudqnho dqg Orzq +4<<7, dqg Hvwuhood dqg Plvknlq +4<<;, iru h{dpsoh1 Wkhuhiruh/ hvwlpdwlrq ri
|lhog fxuyhv kdv kdg d orqj wudglwlrq dprqj qdqfldo uhvhdufkhuv dqg sudfwlwlrqhuv1 Vhh Fdpsehoo/
Or/ dqg Pdfnlqod| +4<<:, iru ixuwkhu glvfxvvlrq1
D ixqgdphqwdo sureohp lv wkdw wkh |lhog wr pdwxulw| rq frxsrq erqgv duh qrw gluhfwo| frpsdudeoh
ehwzhhq erqgv zlwk glhuhqw pdwxulwlhv ru frxsrqv1 Wkxv/ wkhuh lv d qhhg iru d vwdqgdugl}hg zd| ri
phdvxulqj wkh whup vwuxfwxuh ri lqwhuhvw udwhv1 Rqh vxfk vwdqgdug lv wkh |lhog fxuyh ri }hur0frxsrq
erqgv lvvxhg e| vryhuhljq ohqghuv1
Wkh frqvwuxfwlrq ri wklv |lhog fxuyh srvhv vhyhudo sureohpv iru dssolhg uhvhdufk1 Iluvw/ pdq|
jryhuqphqwv gr qrw lvvxh orqjhu whup +l1h1/ juhdwhu wkdq 405 |hduv, }hur0frxsrq erqgv1 Khqfh wkh
|lhog fxuyh pxvw eh lqihuuhg iurp rwkhu lqvwuxphqwv1 D vlpsoh vroxwlrq fdq eh ghulyhg iurp wkh odz
ri rqh sulfh e| dvvxplqj devhqfh ri duelwudjh1 Duelwudjh lq wkh erqg pdunhw zloo fdxvh wkh sulfh R
ri dq| erqg +frxsrq ru }hur, zlwk sd|phqwv KE  dw wlph   wr eh htxdo wr wkh glvfrxqwhg ydoxh
ri wkh ixwxuh fdvk  rz Z '
S6
' KE _E c zkhuh wkh glvfrxqw idfwru lv _E  dw wlph  1 Wkh
ixwxuh lqfrph vwuhdp/ KE c    c KE6c lv dvvxphg nqrzq dqg qrq0udqgrp1 Wkh vhfrqg sureohp lv
wkdw/ lq sudfwlfh/ vpdoo sulflqj huuruv shukdsv gxh wr qrq0v|qfkurqrxv wudglqj/ wd{dwlrq/ looltxlglw|/
5Lqvwlwxwh i u Dqjhzdqgwh Pdwkhpdwln/ UxsuhfkwNduovXqlyhuvlwçw Khlghoehuj/ Lp Qhxhqkhlphu Ihog 5<7/ 9<453
Khlghoehuj/ Jhupdq|1 Vxssruwhg e| wkh Ghxwvfkh Iruvfkxqjvjhphlqvfkdiw/ Vrqghuiruvfkxqjvehuhlfk 6:6 Txdqwlnd0
wlrq xqg Vlpxodwlrq Ùnrqrplvfkhu Sur}hvvh/ Kxperogw0Xqlyhuvlwçw }x Ehuolq dqg Surmhfw PD435929041
6Frgdqkxv/ 93 Jdppho Nrqjhyhm/ GN04:<3 Frshqkdjhq Y/ Ghqpdun1 Hpdlo= qsmCfrgdq1gn
7 Ghsduwphqw ri Ilqdqfh/ Wkh Ddukxv Vfkrro ri Exvlqhvv/ Ixjohvdqjv Dooh 7/ GN0;543 Ddukxv Y/ Ghqpdun1 H0pdlo=
fdwCkkd1gn1 Uhvhdufk lv vxssruwhg e| wkh Gdqlvk Vrfldo Vflhqfh Uhvhdufk Frxqflo wkurxjk wkh Fhqwhu iru Dqdo|wlfdo
Ilqdqfh/ FDI1 D frpsxwhu surjudp lq Sdvfdo lv dydlodeoh iru grlqj wkh frpsxwdwlrqv1
5
dqg elg0dvn vsuhdgv qhfhvvlwdwhv dgglqj dq huuru whup wr Z Wkh huuru whup vkrxog eh vx!flhqwo|
vpdoo wr hqvxuh wkdw wkh| gr qrw uhsuhvhqw +jurvv, ylrodwlrqv ri wkh odz ri rqh sulfh +qr0duelwudjh
frqglwlrq,1 Iru h{dpsoh/ Dplkxg dqg Phqghovrq +4<<4, qg wkdw forvh wr pdwxulw| qrwhv dqg W0
eloov zlwk lghqwlfdo sd|phqw vwuhdpv fdq eh sulfhg glhuhqwo|/ dowkrxjk zkhq wdnlqj dffrxqw ri wkh
ydulrxv wudqvdfwlrqv frvwv/ wkhuh zhuh qrw/ rq dyhudjh/ duelwudjh rssruwxqlwlhv1
Wkh vwdwlvwlfdo sureohp zh dgguhvv lv rqh ri qglqj wkh ixqfwlrq _E wkdw plqlpl}hv wkh ghyldwlrq
ehwzhhq revhuyhg sulfhv lq wkh pdunhw dqg wkh revhuyhg suhvhqw ydoxh1 Wkh hvwlpdwlrq lv grqh xvlqj
d fduhixoo| vhohfwhg vdpsoh ri erqgv ru dq| lqvwuxphqw +vzdsv, zlwk nqrzq fdvk  rz1 Qrwh wkdw/
edvhg rq d frqwlqxrxv wlph dssur{lpdwlrq/ zh kdyh _E| ' i TE|+E|c zkhuh +E| lv wkh |lhog
fxuyh/ dqg +E| ' i TE U |
f
sEr_r/ zkhuh sE| lv wkh iruzdug fxuyh/ vhh Dqghuvrq/ Euhhgrq/ Ghdfrq/
Ghuu|/ dqg Pxusk| +4<<9/ ss 45046,1 Erwk ri wkhvh uhodwlrqvklsv duh lqyhuwleoh/ vr wkdw nqrzlqj _ lv
htxlydohqw wr nqrzlqj + ru s Zh vkdoo vxssrvh wkdw wkh glvfrxqw ixqfwlrq _E lv d frqwlqxrxv dqg
lqghhg vprrwk ixqfwlrq ri wlph wr pdwxulw|1 Dowkrxjk wklv lv qrw jxdudqwhhg e| sxuho| duelwudjh
dujxphqwv/ lw grhv vhhp sodxvleoh1
Iroorzlqj wkh vhplqdo zrun ri PfFxoorfk +4<:4,/ wkh vwdqgdug dssurdfk wr hvwlpdwlrq khuh lv wr
dvvxph d sdudphwulf vshflfdwlrq iru _E| ru +E| ru sE| dqg wr xvh olqhdu ru qrqolqhdu ohdvw vtxduhv wr
hvwlpdwh wkh xqnqrzq sdudphwhuv1 Iru h{dpsoh/ PfFxoorfk +4<:4/ 4<:8,/ Vkhd +4<;7, xvh uhjuhvvlrq
vsolqhv iru _E|/ Fkdpehuv/ Fduohwrq/ dqg Zdogpdq +4<;7, xvhv sro|qrpldov iru +E|/ Ydvlfhn dqg
Irqj +4<;5, xvhv h{srqhqwldo vsolqhv iru _E|/ zkloh Qhovrq dqg Vlhjho +4<;;, sursrvhv srzhuv ri
h{srqhqwldov iru +E|1 Dq dssurdfk edvhg rq olqhdu surjudpplqj phwkrgv kdv ehhq vxjjhvwhg e|
Vfkdhihu +4<;4,1 Li wkh vshflfdwlrq lv frqvlghuhg sdudphwulf/ l1h1/ wr eh d frpsohwh dqg fruuhfw
uhsuhvhqwdwlrq ri wkh ixqfwlrqv ri lqwhuhvw/ l1h1/ wkh phdq/ wkhq vwdqgdug dv|pswrwlf wkhru| fdq eh
xvhg wr ghulyh wkh olplwlqj glvwulexwlrq ri wkh hvwlpdwru dqg wr mxvwli| frqghqfh lqwhuydov rewdlqhg
iurp wklv1 Krzhyhu/ d qxpehu ri wkhvh dxwkruv duh dujxlqj djdlqvw dgkhuhqfh wr dq| {hg prgho
dqg uhdoo| duh ylhzlqj wkh sureohp dv ehlqj qrqsdudphwulf1 Vrph uhfhqw vwxglhv e| Ilvkhu/ Q|fknd/
dqg ]huyrv +4<<8, dqg Wdqjjddug +4<<:, kdyh dovr wdnhq wklv olqh1 Zkhq zh ylhz wkh hvwlpdwlrq
sureohp dv qrqsdudphwulf/ wkhuh lv olwwoh h{lvwlqj wkhru| uhjduglqj wkh glvwulexwlrq ri wkh hvwlpdwruv>
iru h{dpsoh/ qr0rqh kdv hvwdeolvkhg wkh dv|pswrwlf glvwulexwlrq ri wkh vsolqh hvwlpdwhv glvfxvvhg
deryh1
6
Zh dgrsw d qrqsdudphwulf dssurdfk lq zklfk zh gr qrw d sulrul vshfli| wkh ixqfwlrqdo irup ri
wkh glvfrxqw ixqfwlrq ru iruzdug fxuyh1 Lq idfw/ zh edvh rxu surfhgxuhv rq shukdsv wkh prvw fhqwudo
ri doo vprrwklqj phwkrgv/ wkh nhuqho phwkrg1 Wkh  h{lelolw| ri rxu phwkrg lv yhu| lpsruwdqw lq
sudfwlfdo dssolfdwlrqv ehfdxvh sdudphwulf hvwlpdwhv duh riwhq  dzhg e| vshflfdwlrq eldvhv1 Lw lv
qrw lpphgldwho| reylrxv krz wr hvwlpdwh wkh ixqfwlrq _E e| nhuqho phwkrgv/ vlqfh wklv ixqfwlrq
dhfwv wkh phdq ixqfwlrq lqgluhfwo| wkurxjk d frqyroxwlrq zlwk wkh sd|phqw ixqfwlrq1 Zh vroyh wkh
hvwlpdwlrq sureohp e| ghqlqj wkh ixqfwlrq _ dv wkh vroxwlrq ri vrph srsxodwlrq phdq vtxduhg huuru
fulwhulrq/ dqg wkhq orfdol}lqj wkh vdpsoh yhuvlrq ri wklv wr rewdlq dq hpslulfdo fulwhulrq ixqfwlrq1
Vhyhudo yhuvlrqv ri wkh orfdol}dwlrq duh srvvleoh lqfoxglqj orfdo frqvwdqw dqg orfdo olqhdu ^zklfk kdv
vrph zhoo nqrzq dgydqwdjhv lq rwkhu frqwh{wv/ vhh Wv|ednry +4<;9, dqg Idq +4<<5,`1 Lw wxuqv
rxw wkdw rxu phwkrgv gr qrw jhqhudoo| kdyh h{solflw vroxwlrqv/ l1h1/ rxu hvwlpdwru lv ghqhg dv wkh
vroxwlrq ri d olqhdu lqwhjudo htxdwlrq1 Lq sudfwlfh/ rxu vroxwlrqv duh ghqhg wkurxjk wkh phwkrg ri
vxffhvvlyh dssur{lpdwlrqv/ exw vhh Uxvw +4<<:, iru glvfxvvlrq ri vrph dowhuqdwlyh phwkrgv1 Zh dovr
jlyh d cedfnwwlqj* lqwhusuhwdwlrq wr rxu surfhgxuh/ dv lq Rsvrphu dqg Uxsshuw +4<<:, dqg Olqwrq/
Pdpphq dqg Qlhovhq +4<<;,1 Zh hvwdeolvk wkh frqyhujhqfh ri rxu lwhudwlyh vfkhph dqg hvwdeolvk
wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwru1 Zh xvh wkh phwkrg ri vxffhvvlyh dssur{lpdwlrqv wr
zulwh rxu hvwlpdwru dv dq lqqlwh vhulhv zlwk ghfolqlqj frh!flhqwv dqg wkhuhe| rewdlq lwv dv|pswrwlf
glvwulexwlrq  lw lv dv|pswrwlfdoo| qrupdo dw wkh vwdqgdug udwh ri frqyhujhqfh iru rqh0glphqvlrqdo
nhuqho uhjuhvvlrq1 Wkh dv|pswrwlf glvwulexwlrq ri wkh lpsolhg hvwlpdwruv ri +E| dqg sE| fdq eh
hdvlo| rewdlqhg e| wkh ghowd phwkrg1 Rxu uhjxodulw| frqglwlrqv duh kljk ohyho/ exw zh vkrz krz
wkh| duh vdwlvhg lq vrph ohdglqj fdvhv1 Zh dovr h{sorlw wkh uhodwlrqvklsv zlwk wkh |lhog fxuyh dqg
iruzdug fxuyh wr vxjjhvw dowhuqdwlyh phwkrgv/ wkxv zh zulwh _E ' EwE iru vrph nqrzq ixqfwlrq
c pdnlqj w qrz wkh remhfw ri hvwlpdwlrq1 Wkh sxusrvh ri wklv lv wr jlyh vrph dgghg  h{lelolw| dqg2ru
wr hqirufh frqvlvwhqf| zlwk wkhru|1 Iru h{dpsoh/ e| wdnlqj _E| ' i TE|+E| zh fdq gluhfwo| lpsrvh
wkh uhvwulfwlrqv wkdw _Ef '  dqg _E| : f iru doo |c dw wkh vdph wlph zh duh gluhfwo| hvwlpdwlqj wkh
|lhog fxuyh lwvhoi1 Zh dsso| rxu phwkrgv wr d vdpsoh ri XV Wuhdvxu| erqgv1
Zh srlqw rxw wkdw wkh hvwlpdwlrq sureohp lv vlplodu wr wkdw frqvlghuhg lq Hqjoh/ Judqjhu/ Ulfh/
dqg Zhlvv +4<;9, lq zklfk hohfwulflw| ghpdqg ryhu d eloolqj shulrg lv prghoohg dv d vxp ri lqglylgxdo
gdlo| ghpdqgv hdfk ghwhuplqhg e| whpshudwxuh rq wkh gd| frqfhuqhg1 Wkh| xvhg vsolqhv/ zklfk
7
hhfwlyho| sdudphwhul}hv wkh ixqfwlrq _ dqg pdnhv wkh hvwlpdwlrq sureohp vwdqgdug qrqolqhdu uh0
juhvvlrq1 Wkh| glg qrw surylgh dq| dv|pswrwlf wkhru| wr mxvwli| wkhlu dssurdfk/ dw ohdvw qrw iru wkh
srlqwzlvh glvwulexwlrq ri wkh qrqsdudphwulf sduw1 D vlplodu hvwlpdwlrq sureohp rffxuv txlwh zlgho|
zlwk jurxshg gdwd1 Iru h{dpsoh/ Fkhvkhu +4<<:, hvwlpdwhv wkh lqglylgxdo qxwulhqw lqwdnh0djh uhod0
wlrqvkls iurp krxvhkrog ohyho lqwdnh dqg lqglylgxdo fkdudfwhulvwlfv olnh djh1 Djdlq/ kh xvhg vsolqhv
exw glg qrw surylgh dq| mxvwlfdwlrq iru wkh ydolglw| ri klv phwkrg1 D uhodwhg sureohp dulvhv lq qrq0
sdudphwulf vlpxowdqhrxv htxdwlrqv ^Qhzh| dqg Srzhoo +4<;;,` dqg lq hvwlpdwlqj vroxwlrqv ri lqwhjudo
htxdwlrqv ^Zdked +4<:<,/ Q|fknd/ Zdked/ Jrogidue/ dqg Sxjk +4<;7,/ dqg R*Vxoolydq +4<;9,`1 Vhh
dovr Kdxvpdq dqg Qhzh| +4<<8, iru d uhodwhg sureohp lqyroylqj glhuhqwldo htxdwlrqv1 Ilqdoo|/ vhh
Krurzlw} +4<<;, iru d glvfxvvlrq ri rwkhu ghfrqyroxwlrq sureohpv1
Lq vhfwlrq 5 zh glvfxvv ^iru uhdvrqv ri frpsohwhqhvv` vprrwklqj ri sxuh glvfrxqw erxqgv1 Lq
vhfwlrq 6 zh suhvhqw rxu qhz phwkrgv iru vprrwklqj wkh |lhog fxuyh1 Lq vxevhfwlrq 614 zh suhvhqw
wkh orfdo frqvwdqw yhuvlrq ri rxu hvwlpdwh zlwk  wkh lghqwlw|/ l1h1/ wkh remhfw ri lqwhuhvw lv wkh glvfrxqw
ixqfwlrq/ zkloh vxevhfwlrq 615 jlyhv wkh orfdo olqhdu h{whqvlrq1 Vhfwlrq 616 ghvfulehv krz wr hvwlpdwh
+ dqg s iurp wkh hvwlpdwh ri _ Zh wkhq suhvhqw lq vxevhfwlrqv 6170619 wkh h{srqhqwldo yhuvlrq ri
wkhvh phwkrgv1 Zh suhvhqw wkh dv|pswrwlf surshuwlhv ri rxu phwkrgv lq vhfwlrq 7 dqg dsso| wkh
phwkrg wr gdwd lq vhfwlrq 81 Lq vhfwlrq 9 zh ghvfuleh h{whqvlrqv wr whvwlqj sdudphwulf k|srwkhvhv
dqg wr hvwlpdwlqj vhplsdudphwulf prghov1 Surriv duh jlyhq lq wkh dsshqgl{1
5 Vprrwklqj ri Sxuh Glvfrxqw Erqg \lhogv
Lq dq h!flhqw erqg pdunhw/ '4 gholyhuhg dw vrph ixwxuh gdwh  kdv rqh/ dqg rqo| rqh/ sulfh/ _1
Wkh ixqfwlrq _E/ jlylqj wkh glvfrxqw idfwru dv d ixqfwlrq ri  / lv fdoohg wkh glvfrxqw ixqfwlrq1 Lq
sudfwlfh vpdoo sulflqj huuruv gxh wr urxqglqj0r/ wd{ hhfwv/ dqg lqh!flhqflhv glvwruw wkh sulflqj
phfkdqlvp1 Wkhuhiruh/ wkh glvfrxqw ixqfwlrq pxvw eh ghulyhg iurp d vdpsoh ri qrlv| }hur frxsrq
erqg sulfhv/ Rc    c R? zlwk wlphv wr pdwxulw|        ? Zh vkdoo qrw uhtxluh wkdw wkh wlphv eh
htxdoo| vsdfhg1 Wkh vwdwlvwlfdo prgho lv edvhg rq udqgrp shuwxuedwlrqv ri wkh suhvhqw ydoxh sulflqj
uhodwlrqvkls/ l1h1/
8
R ' KE _E  n 0c  ' c    c ? +4,
zkhuh 0 frqvwlwxwh dq lqghshqghqw udqgrp vhtxhqfh zlwk .d0o ' f/  ' c    c ?c zkhuh KE  lv wkh
sd|phqw/ l1h1/ wkh sulqflsdo/ uhwxuqhg wr wkh erqg lqyhvwru zkhq erqg  pdwxuhv dw gdwh  1 Qrwh
wkdw KE  dqg   duh nqrzq dqg {hg frqvwdqwv/ dqg wkdw wkh vwdwlvwlfdo sureohp lv rqh ri hvwlpdwlqj
wkh glvfrxqw ixqfwlrq _E1 Wkh glvfrxqw ixqfwlrq fdq eh ghqhg dv wkdw vprrwk ixqfwlrq _E zklfk







.diR  KE wE j2o
zlwk uhvshfw wr wE Wkh olplwlqj fulwhulrq ixqfwlrq h{lvwv dqg kdv d xqltxh plqlpxp surylghg wkdw
i j lv ghqvh lq d frpsdfw lqwhuydo dqg wkdw wkh uvw wzr prphqwv ri R duh qlwh Wklv vxjjhvwv wkh




`E  iR  KE wj2 c +5,
zkhuh i`j lv d vhw ri vprrwklqj zhljkwv/ ghshqglqj rqo| rq wkh  rc zklfk duh vpdoo iru   glvwdqw
iurp  / l1h1/ wkh fulwhulrq lv zhljkwlqj suhihuhqwldoo| erqgv zlwk vlplodu pdwxulwlhv wr  1 Ohw e_E
plqlpl}h '?Ew zlwk uhvshfw wr wE Wkh vroxwlrq wr wkh uvw rughu frqglwlrq lv jlyhq e|





Lq nhuqho vprrwklqj/ wkh zhljkw vhtxhqfh lv ghulyhg iurp d nhuqho ixqfwlrq1 D nhuqho ixqfwlrq lv d
v|pphwulf/ frqwlqxrxvo| erxqghg uhdo ixqfwlrq/ g/ wkdw lqwhjudwhv wr rqh1 Wkh zhljkwv duh wkhq
ghwhuplqhg e| wkh irupxod `E ' gE   c zkhuh gE ' gE**c zkhuh gE lv d ghqvlw|
ixqfwlrq dqg  ' E? lv d vhtxhqfh ri srvlwlyh qxpehuv1 Wkh edqgzlgwk sdudphwhu/ / ghwhuplqhv
wkh ghjuhh ri vprrwklqj1 Vpdoo ydoxhv pdnh wkh hvwlpdwhg fxuyh e_E  yhu| dssur{lpdwh dqg luuhjxodu/
zkloh odujh ydoxhv ri  pdnh wkh hvwlpdwh forvh wr wkh vdpsoh dyhudjh1 Wklv hvwlpdwlrq phwkrg zdv
vxjjhvwhg lq Wdqjjddug +4<<5,1 Wkh dv|pswrwlf glvwulexwlrq ri e_E  lv fryhuhg e| Wkhruhpv 4 dqg
5 ri Jr}dor dqg Olqwrq +4<<;,1
9
Wkhuh duh wzr dvshfwv ri wkh hvwlpdwlrq surfhgxuh1 Iluvw/ wkhuh lv wkh vprrwklqj dvshfw1 Vprrwk0
lqj lv qhfhvvdu| ehfdxvh sulfhv duh qrlv|1 Wkh qrlvh fdq ruljlqdwh iurp plqru pdunhw lpshuihfwlrqv/
qrq0v|qfkurqrxv wudglqj/ sulfh0glvfuhwhqhvv +wlfn vl}h,/ whpsrudu| lpedodqfhv lq ghpdqg dqg vxs0
so|1 Ixuwkhupruh/ wd{0hhfwv +folhqwhohv,/ dqg looltxlglw| suhpld pd| dovr dhfw wkh suhvhqw ydoxh
uhodwlrqvkls1 Wkh qhhg iru vprrwklqj fdq eh uhgxfhg e| d fduhixo vdpsoh vhohfwlrq surfhgxuh1 Krz0
hyhu/ lq jhqhudo lw lv qrw srvvleoh wr frpsohwho| dyrlg wkh qhhg iru vprrwklqj1 Wkh vhfrqg dvshfw lv
lqwhusrodwlrq1 Lqwhusrodwlrq ehfrphv qhfhvvdu| zkhq pdunhwv duh qrw frpsohwh1 Lq wkh XV pdunhw/
iru h{dpsoh/ W0qrwhv duh lvvxhg zlwk ruljlqdo wlph wr pdwxulw| 4/5/6/8/ 43/ dqg 53 |hduv1 Wkxv/ li
zh zdqw wr dyrlg xvlqj r0wkh0uxq lvvxhv lq hvwlpdwlrq/ wkhuh lv d fohdu qhhg iru lqwhusrodwlrq ri wkh
|lhog fxuyh ehwzhhq 8 dqg 43 |hduv1 Dqg lq jhqhudo zh gr qrw zdqw wr sorw wkh |lhogv dv d vfdwwhu
sorw/ zklfk ixuwkhu qhfhvvlwdwhv d vprrwk judsklfdo slfwxuh ri wkh |lhog fxuyh1
Krzhyhu/ d surshu lqwhusrodwlrq ri |lhogv ehwzhhq pdwxulwlhv zkhuh qr sd|phqwv duh gxh/ uhtxluhv
d irupdo prgho ri wkh g|qdplfv ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv1 Wklv lv qrw wkh remhfwlyh
ri wklv sdshu/ dqg zh wkhuhiruh wdnh d sxuho| vwdwlvwlfdo dssurdfk dqg vprrwk wkh |lhog fxuyh xvlqj
nhuqho vprrwklqj1
6 Vprrwklqj ri Frxsrq Erqgv
Dv glvfxvvhg lq vhfwlrq 5/ prvw erqg pdunhwv gr qrw srvvhv }hur frxsrq erqgv iru xvhixo vsdqv ri
pdwxulwlhv1 Wkh glvfrxqw ixqfwlrq pxvw wkhuhiruh eh h{wudfwhg iurp txrwdwlrqv ri frxsrq erqg gdwd
lqvwhdg1 Frxsrq erqgv jhqhudwh vhyhudo sd|phqwv dw ixwxuh gdwhv/ dqg lq dq h!flhqw erqg pdunhw/
wkh suhvhqw ydoxh ri wkhvh ixwxuh sd|phqwv vkrxog/ dsduw iurp d vpdoo huuru/ eh htxdo wr wkh wudglqj
sulfh/ R1 Dv lq vhfwlrq 5/ wkh vdpsoh frqvlvwv ri ? erqgv zlwk txrwhg sulfhv Rc    c R?1 Ixuwkhupruh/
KE  9' f ghqrwhv wkh sd|phqw uhwxuqhg wr wkh rzqhu ri erqg  dw gdwh  / zkhuh   	    	  6
duh wkh srvvleoh sd|phqw gdwhv1 Iru Xqlwhg Vwdwhv wuhdvxu| lvvxhg qrwhv dqg erqgv/ wkh sd|phqwv
duh xvxdoo| htxdo vhpldqqxdo frxsrqv Sc  ' c    c 63c zkloh lq wkh qdo shulrg rqh uhfhlyhv wkh
:
uhghpswlrq ydoxh - ^xvxdoo| wklv lv qrupdol}hg wr eh 433` soxv wkh qdo frxsrq S4 Wkh prgho
frqvlghuhg lq vhfwlrq 5 fruuhvsrqgv wr wkh vshfldo fdvh zkhuh 6 '  Lq jhqhudo/ 6 zloo eh odujhu
wkdq rqh dqg zloo ydu| iurp erqg wr erqg1 Iuhtxhqwo|/ krzhyhu/ vrph pdwxulwlhv zloo frlqflgh/ vr
wkdw wkh wrwdo qxpehu/ vd| 6c ri glvwlqfw wlphv i j zloo olh vrphzkhuh ehwzhhq 4@ $$?6 dqgS?




KE _E  n 0c  ' c    c ?c +7,
zkhuh 0 lv dq lqghshqghqw udqgrp vhtxhqfh vdwlvi|lqj .d0o ' fc  ' c    c ?1 Wkh vwdwlvwlfdo
sureohp lv wr h{wudfw hvwlpdwhv ri wkh xqnqrzq glvfrxqw ixqfwlrq _E edvhg rq d vdpsoh ri revhuyhg
erqg sulfhv/ frxsrq sd|phqwv/ dqg wlphv15 Zh fdq zulwh wklv uhodwlrq dv R ' _ n 0c zkhuh Rc 0
duh wkh ?   yhfwruv ri sulfhv dqg huuruv uhvshfwlyho|/ zkloh  lv dq ?  6 pdwul{ frqwdlqlqj wkh
sd|phqwv/ dqg _ lv wkh 6  yhfwru ri glvfrxqw idfwruv1 Wklv zrxog vxjjhvw hvwlpdwlqj wkh xqnqrzq
yhfwru _ e| uhjuhvvlrq whfkqltxhv vxfk dv ohdvw vtxduhv1 Krzhyhu/ wkh qxpehu 6 fdq eh yhu| odujh
^6 :: ?` lq d w|slfdo vdpsoh ri erqgv/ ehfdxvh wkhuh lv olwwoh ryhuods lq sd|phqw wlphv1 Ixuwkhupruh/
iru hdfk erqg wkh sd|phqwv duh xvxdoo| wkh vdph xqwlo wkh odvw shulrg/ l1h1/ KE  ' KE & iru doo
c & zlwk   c & 	 61 Wklv whqgv wr pdnh wkh pdwul{  udqn ghflhqw dqg suhfoxgh wkh gluhfw xvh
ri ruglqdu| ohdvw vtxduhv wr hvwlpdwh _ Wkh sureohp lv uhdoo| wkdw wkh qlwh vdpsoh ohdvw vtxduhv
fulwhulrq ixqfwlrq grhv qrw lpsrvh vprrwkqhvv rq wkh ixqfwlrq _ ^wklv sureohp dulvhv jhqhulfdoo| lq
vwdqgdug qrqsdudphwulf uhjuhvvlrq dqg/ lqghhg/ lq wkh qr0frxsrq erqg fdvh` Zh fdq lqwhusuhw wkh
















4Vrphwlphv wkhuh duh vkruw ru orqj uvw dqg odvw frxsrqv/ phdqlqj wkdw wkhvh frxsrqv pd| eh odujhu ru vpdoohu
wkdq wkh rwkhu frxsrqv1 Rwkhu erqg pdunhwv kdyh vlplodu sd|phqw vfkhphv zlwk dqqxdo dqg vhpl0dqqxdo sd|phqwv
ehlqj wkh qrup1
5Qrwh wkdw wkh Hqjoh/ Judqjhu/ Ulfh dqg Zhlvv +4<;9, prgho doorzhg wkh uhjuhvvlrq ixqfwlrq wr eh revhuyhg rqo|
wkurxjk d olqhdu ixqfwlrqdo exw dovr lqfoxghg vrph sdudphwulf hhfwv1
;
zklfk h{lvwv surylghg wkh vhtxhqfh i j ehfrphv ghqvh lq d frpsdfw vhw1 Zh fkrrvh dq dowhuqdwlyh
qlwh vdpsoh fulwhulrq zklfk lpsrvhv vprrwkqhvv wkurxjkrxw lwv dssurdfk wr lqqlw|1 Rqh vlpsoh
phwkrg lv wr jurxs wkh gdwd lqwr elqv zklfk kdyh vlplodu  c dqg wkhq wr gr ohdvw vtxduhv rq wklv
jurxshg gdwd1 Wklv dprxqwv wr d klvwrjudp dssurdfk wr hvwlpdwlrq1 Zh vkdoo xvh d nhuqho yhuvlrq
ri wklv surfhgxuh/ zklfk lpsuryhv rq wkh srru eldv ri wklv phwkrg1
614 Orfdo Frqvwdqw Vprrwklqj
Rxu wulfn lv wr jhqhudol}h dq lqwhusuhwdwlrq ri d vprrwkhu lq whupv ri d joredo surmhfwlrq1 Zh uvw
rxwolqh wklv lqwhusuhwdwlrq lq wkh sxuh glvfrxqw erqg vhwwlqj dqg wkhq vhh krz wr dsso| lw wr wkh







gE|   iR  KE wE|j2 _|c +9,
dqg ohw ewE plqlpl}h wklv fulwhulrq zlwk uhvshfw wr ixqfwlrqv wE Wkh vroxwlrq wr wklv fdofxoxv ri
yduldwlrqv sureohp fdq eh rewdlqhg iurp wkh qhfhvvdu| frqglwlrq iru ewE wr eh d plqlpl}hu/ vhh
Zhlqvwrfn +4<84/ ss 53055,/ zklfk lv wkdw wkh Jdwhdx{ ghulydwlyh ri '? zlwk uhvshfw wr w pxvw eh
}hur lq doo gluhfwlrqv1 Wr qg wkh vroxwlrq/ krzhyhu/ lw lv frqyhqlhqw mxvw wr orrn lq wkh gluhfwlrq ri
srlqw pdvvhv1 Ohw B eh wkh Gludf ^jhqhudol}hg` ixqfwlrq dw  c wkdw lv/
U
BEsE_ ' sE iru dq|
ixqfwlrq s zklfk lv frqwlqxrxv dw  c vhh Oljkwkloo +4<8;,1 Qrz uhsodfh wE e| ewE n "BEc zkhuh "




gE|  KE BE|iR  KE ewE|j_| ' f
Qrz xvh wkh idfw wkdw
U
B E|gE| _| ' gE   dqg
U
BE|ewE|gE|  _| ' ewEgE f
wr vhh wkdw ewE  ' S?' RKE gE   *S?' K2 E gE   c zklfk lv lq idfw wkh nhuqho yhuvlrq
ri +6,1 Lq wklv fdvh/ zh douhdg| duulyhg dw ewE dv wkh plqlpl}hu ri d orfdo fulwhulrq ixqfwlrq dqg wkh
joredo fulwhulrq ixqfwlrq +9, mxvw surylghv d qlfh lqwhusuhwdwlrq16 Lq rxu fdvh/ krzhyhu/ lw lv hvvhqwldo
6Vhh Qlhovhq dqg Olqwrq +4<<;, iru vrph glvfxvvlrq ri d vlplodu h{dpsoh zkhuh joredo fulwhulrq ixqfwlrqv surylgh
lqwhusuhwdwlrq1
<
wr vwduw zlwk wkh joredo fulwhulrq ixqfwlrq1
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gEr,   ,
lv suhihuhqwldoo| zhljkwlqj erqgv zkrvh pdwxulwlhv  c    c  6 duh forvh wr wkh vhtxhqfh ir,j Do0
wkrxjk wkh orfdo fulwhulrq grhv lpsrvh wkh uhtxluhphqw wkdw wE lv frqvwdqw lq d vpdoo qhljkerukrrg
ri rc xqiruwxqdwho| lw grhv qrw surylgh vhqvleoh hvwlpdwhv ehfdxvh zh kdyh wr doorz wkh hydoxdwlrq
srlqwv ri w wr ydu| zlwk erwk  dqg c vr wkdw wkhuh lv qrw hqrxjk uhvwulfwlrq lpsrvhg dw d vlqjoh
srlqw1 Wkh dyhudjlqj lq +:, lpsrvhv wkh qhfhvvdu| vwuxfwxuh17 Zh ghqh rxu hvwlpdwru e_uE dv
wkh plqlpl}hu ri '?Ew zlwk uhvshfw wr wE Zh glvfxvv h{lvwhqfh ri d vroxwlrq ehorz/ exw zh qh{w
vkrz krz wr vroyh wkh plqlpl}dwlrq lq +:, xvlqj wkh phwkrg lqwurgxfhg deryh1 Uhsodfh wE lq +:,
e| e_uE n "BrEc zkhuh " lv d uhdo qxpehu/ dqg glhuhqwldwh wkh uljkw kdqg vlgh ri +:, zlwk uhvshfw
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zklfk kdv xvhg wkh idfw wkdw
U
gEr   _r '  wr holplqdwh pdq| ri wkh lqwhjudov1 Wklv fdq eh
zulwwhq dv










2gEr 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2gEr  o c +44,
Uhodwlrq +<, vxjjhvwv wkh iroorzlqj lwhudwlrq iru wkh fdofxodwlrq ri e_u=
e_d@nou Er ' _Er n ] eMuErc |e_d@ouE|_|c @ ' fc c    c +45,
zkhuh wkh vwduwlqj ydoxh e_dfou lv htxdo wr _c vd|1 Wkh lqwhjudwlrq lq +45, fdq eh frpsxwhg qxphulfdoo|1
Zh glvfxvv wklv ixuwkhu lq wkh dssolfdwlrq vhfwlrq ehorz/ vhh dovr Olqwrq/ Pdpphq/ dqg Qlhovhq
+4<<:, iru d uhodwhg frpsxwdwlrq1 Wkh txdqwlw| _Er fdq eh wkrxjkw ri dv wkh plqlpl}hu zlwk uhvshfw





iR  KE owj2gEr  o +46,
Wklv ixqfwlrq fruuhvsrqgv wr d vxp ri }hur0frxsrq erqg fulwhuld1 Wkhuhiruh/ dq dowhuqdwlyh lqwhusuh0
wdwlrq ri rxu dojrulwkp lv wkdw dw hdfk vwdjh zh duh dsso|lqj wkh vprrwkhu ghqhg e| +46, zlwk R
uhsodfhg e| wkh sduwldo uhvlgxdov




] e_d@ouE|gE|  _|
Wklv jlyhv rxu dojrulwkp d edfnwwlqj lqwhusuhwdwlrq ^vhh Kdvwlh dqg Wlevkludql +4<<3,` lq zklfk wkh
edvlf vprrwklqj rshudwlrq lv jlyhq e| +46,1
44
D qhfhvvdu| frqglwlrq wkdw wkh lwhudwlyh fdofxodwlrq e_u frqyhujhv fdq eh edvhg rq d fkhfn ri wkh
rshudwru qrup ri wkh rshudwru eKu}E ' U eMuEc |}E| _|1 Iru d qrup n  n rq wkh ixqfwlrqv } wkh
fruuhvsrqglqj qrup ri wkh rshudwru eKu lv ghqhg dv n eKun ' tT8}8' n eKu}n1 Li n}n lv ghqhg
dv wkh vxsuhpxp qrup n}n" ' tT% m}E%mc zh jhw wkdw n eKun" ' tTr U eMuErc | _|1 Li n}n lv
ghqhg dv wkh O2 qrup n}n22 '
U m}E%m2 _%c wkhq n eKun2 fdq eh fdofxodwhg e| dq lwhudwlyh dojrulwkp
n eKun22 ' *4&<" n eKue&n22c zkhuh wkh ixqfwlrq e& lv ghqhg dv e& ' eKue&3*n eKue&3n21 Xqghu
uhdvrqdeoh frqglwlrqv/ wkh ixqfwlrq _ kdv d erxqghg vxs qrup dqg d erxqghg O2 qrup1 Ixuwkhupruh/
lw iroorzv iurp d Qhxpdqq h{sdqvlrq wkdw wkh olqhdu wudqvirupdwlrq U  eKu kdv wkh lqyhuvh EU eKu3 ' S"&'f eK&u/ surylghg n eKun 	  zlwk uhvshfw wr hlwkhu wkh vxs qrup ru wr wkh O2 qrup
+vhh h1j1/ Ulhv} dqg V}10Qdj| +4<<3,/ s1 485,1 Zkhq n eKun2 	  ru n eKun" 	 c lw wkhuhiruh iroorzv
wkdw wkh lwhudwlyh fdofxodwlrq ri e_u frqyhujhv dqg wkdw wkh vroxwlrq lv
e_ ' EU  eKu3_ ' "[
&'f
eK&u_
Wkh uhvxowlqj hvwlpdwh e_u fdq eh lqwhusuhwhg dv ohdvw vtxduhv surmhfwlrq ri wkh gdwd lq dq
dssursuldwh ixqfwlrq vsdfh1 Iru wklv sxusrvh zh frqvlghu wkh iroorzlqj qrup rq ? wxsohv ri ixqfwlrqv









igEr    _rj  +47,
Li rqh sxwv #E dv htxdo wr Rd
S6
' KE o
3 ^zklfk lv d frqvwdqw ixqfwlrq`/ wkhq wkh ixqfwlrq wxsoh
Ee_u c    c e_u lv wkh surmhfwlrq ri # ' E#c    c #? rqwr wkh olqhdu vxevsdfh i} ' E}c    c }? G
} '    ' }?j zlwk uhvshfw wr wkh qrup n  n1 Wklv uhodwlrq khosv wr xqghuvwdqg wkdw e_u lv
dozd|v zhoo ghqhg +xs wr glhuhqfhv wkdw kdyh qrup f zlwk uhvshfw wr n  n1 Lq sduwlfxodu/ iru wkh
xqltxh h{lvwhqfh ri e_u lw lv qrw uhtxluhg wkdw n eKun 	 1 Ixuwkhupruh/ rxu dssurdfk doorzv xv wr
lqfrusrudwh uhvwulfwlrqv rq wkh vkdsh ri _1 Iru h{dpsoh/ d qdwxudo frqvwudlqw lv wr vxssrvh wkdw _ lv
prqrwrqh1 D qdwxudo hvwlpdwh edvhg rq nhuqho vprrwklqj lv ghqhg dv plqlpl}hu ri +:, zkhuh wkh
plqlpl}dwlrq uxqv qrz ryhu wkh frqvwudlqhg fodvv ri ixqfwlrqv ^h1j1/ ryhu doo prqrwrqh ixqfwlrqv _1`
Ohw xv ghqrwh wkh uhvxowlqj hvwlpdwh e| e_SJ?r|o1 Wkhq lw lv hdv| wr vhh wkdw e_SJ?r|o lv wkh surmhfwlrq ri
45
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 _rj c
zkhuh wkh plqlpl}dwlrq uxqv ryhu wkh frqvwudlqhg fodvv ri ixqfwlrqv _1 Vhh Pdpphq +4<<4, dqg
Pdw}nlq +4<<7, iru glvfxvvlrq ri qrqsdudphwulf hvwlpdwlrq ri prqrwrqh dqg rwkhu frqvwudlqhg ixqf0
wlrqv1
Ilqdoo|/ lw fdq eh h{shfwhg wkdw 0 zloo eh khwhurvnhgdvwlf/ vlqfh erqgv zlwk d orqj wlph wr
pdwxulw| fdq eh dhfwhg e| pdq| vrxufhv ri huuruv1 Frqvhtxhqwo|/ zh h{shfw wkh yduldqfh ri 0c
ghqrwhg j2 c zloo ydu| sursruwlrqdwho| zlwk  6 Lq wklv fdvh d zhljkwhg fulwhulrq ixqfwlrq wdnlqj
dffrxqw ri wkh glhuhqw dffxudflhv ri hdfk erqg zrxog shukdsv ohdg wr pruh h!flhqw hvwlpdwhv/ dw
ohdvw lq whupv ri yduldqfh1 Vxssrvh wkdw j ' sE 6 iru vrph nqrzq ixqfwlrq s dqg xqnqrzq
sdudphwhu  Wkhq/ wkh zhljkwhg fulwhulrq ixqfwlrq lv jlyhq e| +8, zkhuh zh uhghqh R $ R*sE 6
dqg KE  $ KE *sE 6 Wkhuhiruh/ hvwlpdwlrq surfhhgv dv deryh zlwk wkh wudqviruphg gdwd1
615 Orfdo olqhdu vprrwklqj
Nhuqho vprrwklqj ohdgv wr hvwlpdwhv zlwk ghvljq ghshqghqw eldv dqg zlwk srru dffxudf| dw erxqg0
dulhv/ vhh iru h{dpsoh Wv|ednry +4<;9, dqg Idq +4<<5,1 Dq dssurdfk wkdw lv nqrzq wr ryhufrph
wkhvh glvdgydqwdjhv lq uhjuhvvlrq lv orfdo olqhdu vprrwklqj1 Iru wkh ghqlwlrq ri wkh orfdo olqhdu
vprrwk lq rxu prgho zh mxvw uhsodfh wE lq +:, e| d olqhdu ixqfwlrq1 Wkxv/ frqvlghu wkh iroorzlqj
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  _rj +48,
zlwk uhvshfw wr E_c _ Wkh orfdo olqhdu vprrwk lv qrz ghqhg dv e_uu1 Djdlq/ wkh plqlpl}hu ri +48,
fdq eh hdvlo| fdofxodwhg e| dq lwhudwlyh dojrulwkp1 Wr vroyh wkh plqlpl}dwlrq lq +48, zh surfhhg dv
lq wkh odvw vhfwlrq dqg sxw _ ' e_uun "Br zkhuh " lv d uhdo qxpehu dqg zkhuh Br lv wkh Gludf ixqfwlrq
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Ixuwkhupruh eMuuErc | lv htxdo wr Er3 7MuuErc |c zkhuh 7MuuErc | lv d wzr wlphv wzr pdwul{ zlwk
hohphqwv=
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Dv vwduwlqj ydoxh Ee_dfouuc e_dfouuc rqh fdq fkrrvh E_c _ iru h{dpsoh1
D vx!flhqw frqglwlrq wkdw wkh lwhudwlyh fdofxodwlrq e_uu dqg e_cuu frqyhujhv fdq eh edvhg rq d
fkhfn ri wkh rshudwru qrup ri wkh rshudwru eKuu}E ' U eMuuEc |}E| _|1 Lw lv hdv| wr vhh wkdw wkh
lwhudwlyh fdofxodwlrq ri e_uu dqg e_cuu frqyhujhv li n eKuun 	 / zkhuh n eKuun lv ghqhg zlwk uhvshfw












616 Hvwlpdwlqj wkh |lhog dqg iruzdug fxuyh
Sudfwlwlrqhuv riwhq suhihu wr kdyh ylvxdo suhvhqwdwlrq +dqg dq hvwlpdwh, ri erwk wkh |lhog fxuyh dqg wkh
iruzdug fxuyh1 E| ghqlwlrq wkh wzr uhsuhvhqwdwlrqv duh htxlydohqw1 Krzhyhu/ lq glvfxvvlrqv ri/ iru
h{dpsoh/ wkh hhfwv ri prqhwdu| srolf| lw lv fxvwrpdu| wr uhodwh wkh glvfxvvlrq wr iruzdug fxuyhv ^vhh
Vyhqvvrq +4<<7, dqg Gdkotxlvw dqg Vyhqvvrq +4<<9,`1 Hvwlpdwhv ri wkh |lhog fxuyh dqg iruzdug fxuyh
fdq eh rewdlqhg iurp hvwlpdwhv ri _ e| wkh uhodwlrqv +E| '  *L}E_E|*| dqg sE| ' _E|*_E|
Vshflfdoo|/ e+E| '  *L}Ee_E|*|c zkhuh  ' u/uu Lq wkh iruzdug fxuyh fdvh zh fdq wdnh wkh
iroorzlqj hvwlpdwru edvhg rq wkh orfdo frqvwdqw/
esuE| ' U g E| re_uEr_rU
gE| re_uEr_rc
ru zh fdq pdnh xvh ri wkh orfdo olqhdu hvwlpdwlrq wr ghqh
esuuE| '  e_uucE|e_uuE| 
617 Orfdo Frqvwdqw H{srqhqwldo Vprrwklqj
Zh qrz frqvlghu dq lpsruwdqw prglfdwlrq wr wkh edvlf vprrwklqj phwkrgv zh rxwolqhg deryh1
Lqvwhdg ri wwlqj orfdoo| olqhdu ixqfwlrqv zh w qrz orfdoo| h{srqhqwldo ixqfwlrqv1 Wklv dssurdfk lv
49
prwlydwhg e| wkh idfw wkdw zh fdq h{shfw wkh glvfrxqw ixqfwlrq wr eh forvhu wr orj olqhdu wkdq olqhdu/
dv zdv vxjjhvwhg e| Ydvlfhn dqg Irqj +4<;5,1 Zh vkdoo w wkh ixqfwlrq _Er ' i TE+Errc lq rwkhu
zrugv zh zloo hvwlpdwh wkh |lhog fxuyh gluhfwo|1 Wklv vshflfdwlrq lpsrvhv wkh qdwxudo uhvwulfwlrq
wkdw _E eh srvlwlyh dqg wkdw _Ef ' 18 Dowhuqdwlyh vshflfdwlrqv khuh lqfoxgh _Er '  n r}Er iru
vrph ixqfwlrq }c zklfk zdv xvhg lq Mrugdq +4<<7,/ dqg _Er ' i TErEr*E n rc zklfk lpsrvhv
wkh dgglwlrqdo uhvwulfwlrq wkdw _Er $ f dv r $ 4 dqg zdv xvhg lq Wdqjjddug +4<<:,1 Vhh Jr}dor
dqg Olqwrq +4<<;, iru glvfxvvlrq ri orfdo qrqolqhdu vprrwklqj phwkrgv lq qrqsdudphwulf uhjuhvvlrq1







KE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 i Ti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igEr    _rj c +4<,
zlwk uhvshfw wr +E Wr vroyh wkh plqlpl}dwlrq zh sxw + ' e+u. n "Br zkhuh " lv d uhdo qxpehu dqg
Br lv wkh Gludf ^jhqhudol}hg` ixqfwlrq lq r1 Glhuhqwldwlrq ri wkh uljkw kdqg vlgh zlwk uhvshfw wr "










d 9' &oKE  i Ti e+u.Erj  KE & i Ti &e+u.Erj,
KE & & i Ti &e+u.Erj 6\
'






















KE KE & & i Ti &e+u.ErjgEr  & ] i Ti e+u.E|jgE|   _|
8Lw dovr doorzv hvwlpdwlrq ri |+v, iru v forvh wr }hur/ zklfk lv jhqhudoo| qrw srvvleoh zkhq wkh glvfrxqw ixqfwlrq lv
hvwlpdwhg gluhfwo| ehfdxvh wkh gluhfw hvwlpdwh grhv qrw lpsrvh wkdw g+v, @ 4.R+v, dv v $ 3 ^l1h1/ olpv$3  orj eg+v,@v
pd| qrw h{lvw/ zkloh olpv$3 e|+v, grhv`1
4:
Wkhuh duh d qxpehu ri vroxwlrq phwkrgv dssolfdeoh khuh1 Zh vxjjhvw wkh iroorzlqj dssurdfk





iR  KE & i TE &wj2gEr  & +54,
Wkh uvw rughu frqglwlrq iru wkh plqlpl}hu ri wklv ixqfwlrq lv suhflvho| wkh uvw wzr whupv lq +53,1
Qrz ohw e+u.E| eh jlyhq dqg ghqh e+d@ou.E| dv wkh plqlpl}hu ri +54, zlwk R uhsodfhg e|
R
d@o






i Ti e+u.E|jgE|  _|
Wdnlqj vrph lqlwldo ydoxh e+dfou.E|c zh surfhhg @ ' c 2c     Wkh qrqolqhdu rswlpl}dwlrq sureohp +54,
fdq lwvhoi eh dssur{lpdwho| vroyhg xvlqj Qhzwrq*v phwkrg ru Ilvkhu vfrulqj1 Qrwh wkdw d frqvlvwhqw
lqlwldo ydoxh lv surylghg e| e+E| '  *L} e_E|*|c zkhuh  ' ucuu1 Zh fdq dovr ghqh crqh0vwhs*
hvwlpdwruv/ ghqrwhg e+u.E|c zklfk xvh e+E| dv lqlwldo frqglwlrq dqg whuplqdwh dw @ ' 
618 Orfdo Olqhdu H{srqhqwldo Vprrwklqj
Wkh qdwxudo h{whqvlrq ri wkh orfdo frqvwdqw surfhgxuh wr wkh orfdo olqhdu lv dovr lpsruwdqw iru wkh
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2 i Ti2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E &  r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 &E &  r
Zh fdq rewdlq lwhudwlyh htxdwlrqv iurp wklv dv lq wkh suhylrxv vhfwlrq wr ghqh hvwlpdwhv ri e+uu.Er
dqg e+uu.cEr1
619 Hvwlpdwlqj wkh glvfrxqw ixqfwlrq dqg iruzdug fxuyh
Wkh glvfrxqw ixqfwlrq fdq ri frxuvh eh hvwlpdwhg e| e_E| ' i TE|e+E|c zkhuh  ' u.cuu.1




glhuhqwldwlrq ri wkh odvw htxdolw| jlyhv sE| ' +E| n |+E| Jlyhq dq hvwlpdwh/ e+/ ri wkh |lhog fxuyh
+ dqg dq hvwlpdwh e+ ri lwv ghulydwlyh/ zh fdq hvwlpdwh s e|
	sE| ' e+E| n |e+E|
Dq hvwlpdwh e+ ri + lv jlyhq e| wkh hvwlpdwh e+uu.c +vhh wkh odvw vhfwlrq, ru fdq eh fdofxodwhg e|
vprrwkhg glhuhqwldwlrq ri dq hvwlpdwh e+ ri +c e+u.E| ' U g E| re+u.Er_r
7 Dv|pswrwlf Surshuwlhv
Rxu pdlq uhvxowv duh iru wkh orfdo frqvwdqw dqg orfdo olqhdu glvfrxqw ixqfwlrq vprrwklqj phwkrgv1 Zh
dovr surylgh d uhvxow iru wkh rqh0vwhs orfdo h{srqhqwldo phwkrgv dqg lqglfdwh wkh h{shfwhg uhvxow iru
wkh clwhudwh wr frqyhujhqfh* yhuvlrqv1 Dv zh vkrz/ wkh dv|pswrwlf yduldqfhv ri wkh irxu surfhgxuhv
4<
ghvfulehg deryh duh lghqwlfdo ^zkhq hvwlpdwlqj wkh vdph txdqwlw|`/ dowkrxjk wkh eldv lv fhuwdlqo|
lq xhqfhg e| wkh fkrvhq ixqfwlrqdo irup1 Iru frpsdulvrq/ Jr}dor dqg Olqwrq +4<<;, vkrz wkdw
wkh dv|pswrwlf yduldqfh ri orfdo qrqolqhdu ohdvw vtxduhv hvwlpdwruv grhv qrw ghshqg rq wkh vshflf
ixqfwlrqdo irup xvhg lq wkh hvwlpdwlrq/ dowkrxjk wkh eldv grhv1
714 Orfdo Frqvwdqw Vprrwklqj
Rxu dv|pswrwlfv zloo eh vwdwhg iru wkh fdvh ri qrqudqgrp   dqg 61 Zh frqfhqwudwh rq wkh fdvh
ri d qrqudqgrp ghvljq ehfdxvh d vwrfkdvwlf prgho iru   dqg 6 wkdw zrxog eh dghtxdwh iru rxu
dssolfdwlrq lv udwkhu frpsolfdwhg1 Lw pxvw wdnh lqwr frqvlghudwlrq vrph yhu| vshfldo surshuwlhv ri
wkhvh gdwd +h1j1/  n    lv frqvwdqw dqg d pxowlsoh ri kdoi |hduv,1 Ixuwkhupruh rxu prgho +7,
dulvhv lq rwkhu dssolfdwlrqv wkdw zrxog uhtxluh dqrwkhu vwrfkdvwlf prgho iru wkh ghvljq +iru dqrwkhu
dssolfdwlrq vhh h1j1/ Hqjoh hw do1 +4<;9,,1 Vr zh suhihu wr vwdwh wkh wkhruhp xqghu frqglwlrqv wkdw
pd| zrun dovr lq wkhvh dssolfdwlrqv1 Rxu frqglwlrqv duh ckljk ohyho* dqg zh glvfxvv ixuwkhu ehorz
krz wkh| fdq eh yhulhg lq vrph vshfldo fdvhv1
Dvvxpswlrqv iru Wkhruhp 4
+D4, Prgho +7, krogv1 Wkh huuru yduldeohv 0c    c 0? duh lqghshqghqw zlwk phdq }hur dqg zlwk
.02nB  2nB iru ? odujh hqrxjk zlwk frqvwdqwv c B : f1 ^Wklv lpsolhv wkdw j2 ' @hd0o  2
iru ? odujh hqrxjk1` Wkh ydoxhv   dqg 6 duh ghwhuplqlvwlf dqg wkh|/ wkh glvwulexwlrqv ri 0
dqg wkh ixqfwlrqv KE pd| ghshqg rq wkh vdpsoh vl}h ?1 Iru wzr frqvwdqwv c 2 : f wkh
edqgzlgwk  ixooov ?3n    ?32 iru ? odujh hqrxjk1
+D5, Wkhuh h{lvw frqvwdqwv 4 	 /  : f dqg V   vxfk wkdw iru ? odujh hqrxjk n eKunR 	  dqg
n eKVunR 	 4 iru R ' 21
Iru wkh dv|pswrwlf wuhdwphqw ri rxu hvwlpdwh dw d {hg srlqw r zh pdnh wkh iroorzlqj frqglwlrq1
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E|c 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c +56,
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Ixuwkhupruh/ lw krogv wkdw
ru? Er
32 ' E +59,
Wkh txdqwlw| ru? Er lv ghqhg lq wkh vwdwhphqw ri Wkhruhp 4 ehorz1
Iru wkh xqlirup dv|pswrwlf h{sdqvlrq ri rxu hvwlpdwh rq dq lqwhuydo 7 zh qhhg wkh iroorzlqj
dgglwlrqdo frqglwlrq1
+D7, Frqglwlrq +55, krogv iru doo r 5 7 zlwk d frqvwdqw  wkdw grhv qrw ghshqg rq r1 Wkh vxsuhpxp
ri wkh ohiw kdqg vlgh ri +56, dqg ri +57, ryhu r 5 7 lv ri rughu JE3 ru JEE?**2 *L}E?3/
uhvshfwlyho|1 Wkh huuru yduldeohv kdyh d qlwh Odsodfh wudqvirup
tT
$$?
. i TE|m0m 	  +5:,
iru d frqvwdqw / iru | : f vpdoo hqrxjk/ dqg iru ? odujh hqrxjk1 Ixuwkhupruh wkhuh h{lvwv d
frqvwdqw  vxfk wkdw iru ? odujh hqrxjk iru doo r 5 7]  YYr eMuErc |
-E| _|  ? +5;,
Rxu uhvxowv fdq eh xvhg wr wuhdw udqgrp   dqg 61 Lq wklv fdvh/ rqh kdv wr dvvxph wkdw rxu
frqglwlrqv krog frqglwlrqdoo| jlyhq   dqg 6 zlwk suredelolw| whqglqj wr rqh1 Lq sduwlfxodu/ li rqh
54
dvvxphv wkdw wkh yduldeohv 6 duh l1l1g1 iurp vrph glvwulexwlrq zlwk erxqghg vxssruw dqg wkdw wkh
glvwulexwlrq ri E c    c  6c frqglwlrqdo rq 6c lv devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvjxh
phdvxuh/ lw iroorzv ^xqghu vrph dgglwlrqdo uhjxodulw| frqglwlrqv` wkdw wkh nhuqho eMuErc | frqyhujhv
wr d ixqfwlrq MuErc | zlwk suredelolw| rqh dv ? $ 41 Lq wklv fdvh iru wkh yhulfdwlrq ri +D5, lw
vx!fhv wr vkrz wkdw wkh rshudwru Ku ghqhg e| Ku}Er '
U
MuErc |}E|_| vdwlvhv nKVun 	 
iru d V  1 Vlploduo| rqh fdq fkhfn +55, dqg +5;,1 Wkh rshudwru Ku ghshqgv rq wkh sd|phqw
ixqfwlrqv dqg rq wkh wlph glvwulexwlrqv1 Vxssrvh wkdw 6 ' 6 iru doo  dqg wkdw KE  ' q iru doo









iru V $ 41 Wkh olplw zloo eh ohvv wkdq rqh surylghg wkh q*v duh vx!flhqwo| khwhurjhqhrxv1 Wklv
frqglwlrq lv olnho| wr phw lq sudfwlfh ehfdxvh wkh uhghpswlrq ydoxh lv xvxdoo| frqvlghudeo| odujhu
wkdq wkh frxsrqv1 Iru dq dqdo|wlfdo h{dpsoh/ vxssrvh wkdw q ' S iru  ' c    c6   dqg wkdw
q6 ' ff n Sc wkhq nKVun2 	  iru V odujh hqrxjk/ surylghg SE6  *Eff n S 	 E
s
D  *21
Wklv dprxqwv wr wkh uhtxluhphqw wkdw voljkwo| pruh wkdq kdoi ri wkh wrwdo sd|phqw eh uhfhlyhg dw
wkh hqg srlqw1 Wklv frqglwlrq fdq eh vdwlvhg surylghg wkh gdwdvhw frqwdlqv pdq| vkruw pdwxulw|
erqgv2vpdoo frxsrq erqgv uhodwlyh wr orqj pdwxulw|2odujh frxsrqv1
Zh jlyh qrz d urxjk glvfxvvlrq zk| wkh rwkhu frqglwlrqv krog xqghu dssursuldwh uhjxodulw| dv0
vxpswlrqv rq wkh glvwulexwlrq ri   dqg61 Zh zloo gr wklv iru wkh fdvh wkdw6 kdv erxqghg vxssruw1
Iru d prwlydwlrq ri frqglwlrqv +56, dqg +57, frqvlghu iru vlpsolflw| wkh fdvh 6 '  +zlwk suredelolw|
rqh,/ K  1 Wkhq zh jhw
U eMuErc -E _  U MuErc -E _  MuErc  *sE / zkhuh
s lv wkh ghqvlw| ri  1 Vr xqghu erxqghgqhvv frqglwlrqv ri M*s rqh h{shfwv wkdw wkh ohiw kdqg vlgh
ri +56, dqg +57, lv ri rughu E1 Iru pruh jhqhudo frqglwlrqv rq 6 dqg K d vlplodu glvfxvvlrq
dssolhv zlwk dqrwkhu ghqlwlrq ri s 1 Iru d fkhfn ri +58, qrwh uvw wkdw xqghu uhjxodulw| frqglwlrqv
wkh ghqrplqdwru lq wkh ghqlwlrq ri -Er frqyhujhv wr d vprrwk ixqfwlrq }1 Vr zh jhw wkdw wkh ohiw
kdqg vlgh ri +58, lv ri rughu E3 li 4@  KEr dqg wkh nhuqho g duh erxqghg dqg li }Er : f1
Vr +58, iroorzv ehfdxvh ? $ 41 Wkh dvvxpswlrq +5:, fdq eh frqvlghudeo| zhdnhqhg zkhq pruh
vshflf dvvxpswlrqv duh pdgh rq wkh gdwd jhqhudwlqj surfhvv dqg nhuqho1
55
Lq rxu uvw wkhruhp zh zloo vwdwh dv|pswrwlf surshuwlhv ri wkh orfdo frqvwdqw hvwlpdwh e_u 1
Wkhruhp 4 ^Dv|pswrwlf Qrupdolw| ri Orfdo Frqvwdqw Hvwlpdwh`1 Vxssrvh wkdw
Frqglwlrqv D40D5 krog dqg wkdw D6 krogv iru d {hg r1 Wkhq
s
?
e_uEr _Er qu? Er
ru? Er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Xqghu wkh dvvxpswlrq wkdw frqglwlrqv D40D5 krog dqg wkdw D7 krogv iru d qlwh lqwhuydo 7 wkh
iroorzlqj xqlirup h{sdqvlrq krogv
tT
rM7





 ' J EE?3*2 +64,
D yhuvlrq ri Wkhruhp 4 fdq eh suryhg iru wkh fdvh wkdw wkh rshudwru qrup n eKVun" 	  iru d
V  / l1h1 wkdw Frqglwlrq D5 krogv iru R ' 41
Wkh h{sdqvlrq +64, vkrzv wkdw dv|pswrwlfdoo| wkh hvwlpdwh e_uEr ehkdyhv olnh d vwdwlvwlf wkdw
lv olqhdu lq wkh huuru yduldeohv dqg wkdw kdv d vlplodu vwuxfwxuh wr d xqlyduldwh nhuqho uhjuhvvlrq
vprrwkhu1 Surfhhglqj dv lq vwdqgdug wkhru| ri nhuqho vprrwklqj rqh fdq xvh h{sdqvlrq +64, iru wkh
frqvwuxfwlrq ri srlqwzlvh frqghqfh lqwhuydov dqg ri xqlirup frqghqfh edqgv dqg iru wkh glvfxvvlrq
ri rswlpdo edqgzlgwkv/ vhh h1j1 Kçugoh +4<<3,1 Zh zloo qrw sxuvxh wkhvh srlqwv khuh/ dowkrxjk zh
jlyh irupxodh iru vwdqgdug huuruv lq vhfwlrq 8 ehorz1 Xqghu dgglwlrqdo uhjxodulw| frqglwlrqv lw fdq
56
eh vkrzq wkdw wkh eldv qu? lv ri rughu 
21 Wklv iroorzv e| vkrzlqj wkdw qWcu? lv ri wklv rughu1 Iru
wklv uhdvrq zh zloo jhw wkh vdph dv|pswrwlf rswlpdo udwhv lq rxu prgho dv lq vwdqgdug qrqsdudphwulf
uhjuhvvlrq1
Wkhruhp 4 fdq eh xvhg wr ghwhuplqh wkh dv|pswrwlf glvwulexwlrq ri wkh fruuhvsrqglqj hvwlpdwhv
ri +E| dqg sE|E| wkh ghowd phwkrg/
e+uEr +Er '  e_uEr _Er
r_Er
n JR
 e_uEr _Er c +65,
surylghg r : fc iurp zklfk zh vhh wkdw wkh dv|pswrwlf eldv dqg vwdqgdug ghyldwlrq ri e+uEr duh
wkrvh ri e_uEr pxowlsolhg e| *r_Er Wkh hvwlpdwhg iruzdug fxuyh esuEr fdq eh kdqgohg vlploduo|1
Vxssrvh wkdw g kdv d erxqghg vxssruw d@c @o dqg wkdw lw kdv d erxqghg ghulydwlyh1 Wkhq li D40D7
krog iru 7 ' dr @c rn @o zh jhw iurp +64, wkdw
esuEr ' sEr n {Er n ?[
'
?cEr0 n J EE?
3*2c
zkhuh {Er ' _3Er
U
gEr |d_E| _Ero_|n _3Er
U
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Rqh fdq fkhfn wkdw xqghu uhjxodulw| frqglwlrqv wklv lpsolhv wkdw esuEr kdv dq dv|pswrwlf eldv
ri rughu 2 dqg yduldqfh ri rughu E?31 Wklv frlqflghv zlwk udwhv ri frqyhujhqfh ri ghulydwlyh
hvwlpdwhv edvhg rq +vprrwkhg, ghulydwlyhv ri orfdo frqvwdqw vprrwkhuv lq vwdqgdug qrqsdudphwulf
uhjuhvvlrq1
715 Orfdo Olqhdu Vprrwklqj
Iru d 2 2 pdwul{  zh ghqh nn2 ' tTeA e' eAe1
Dvvxpswlrqv iru Wkhruhp 5
57
+E4, Dvvxpswlrq D4 krogv dqg wkhuh h{lvw frqvwdqwv 4 	 /  : f dqg V   vxfk wkdw iru ? odujh
hqrxjk n eKuun2 ' tT8}82' n eKuu}n2 	  dqg n eKVuun2 ' tT8}82' n eK&uu}n2 	 4/ zkhuh iru d




Iru wkh dv|pswrwlf wuhdwphqw ri rxu hvwlpdwh dw d {hg srlqw r zh pdnh wkh iroorzlqj frqglwlrq1
+E5, Wkhuh h{lvwv d frqvwdqw  vxfk wkdw iru ? odujh hqrxjk]
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Ixuwkhupruh/ lw krogv wkdw
n7uu? Er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zkhuh
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Iru wkh xqlirup dv|pswrwlf h{sdqvlrq ri rxu hvwlpdwh rq dq lqwhuydo 7 zh qhhg wkh iroorzlqj
dgglwlrqdo frqglwlrq1
+E7, Frqglwlrq +66, krogv iru doo r 5 7 zlwk d frqvwdqw  wkdw grhv qrw ghshqg rq r1 Wkh
vxsuhpxp ri wkh ohiw kdqg vlgh ri +67, dqg ri +68, ryhu r 5 7 lv ri rughu JE3 *L}E?32 ru
JEE?**2 *L}E?3/ uhvshfwlyho|1 Wkh huuru yduldeohv kdyh d qlwh Odsodfh wudqvirup
tT
$$?
. i TE|m0m 	 
iru d frqvwdqw / iru | : f vpdoo hqrxjk/ dqg iru ? odujh hqrxjk1 Ixuwkhupruh wkhuh h{lvwv d
frqvwdqw  vxfk wkdw iru ? odujh hqrxjk iru doo r 5 7]  YYr eMuErc |
-E| _|  ? +69,
Wkhruhp 5 ^Dv|pswrwlf Qrupdolw| ri Orfdo Olqhdu Hvwlpdwh`1 Vxssrvh wkdw Frqgl0
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Khuh/ djdlq j2 ghqrwhv wkh yduldqfh ri R1 Xqghu wkh dgglwlrqdo dvvxpswlrq ri E6 zh jhw wkdw
ru? Er
3 e_uuEr kdv dv|pswrwlf yduldqfh rqh/ l1h1/ e_uuEr kdv wkh vdph dv|pswrwlf yduldqfh dv e_uEr1
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 +6;,
Wkh dv|pswrwlf surshuwlhv ri e+uuEr dqg esuuEr iroorz dv deryh1
716 Orfdo H{srqhqwldo Vprrwklqj
Zh mxvw rxwolqh wkh uhvxow iru wkh orfdo frqvwdqw h{srqhqwldo phwkrg1 Frqvlghu wkh rqh0vwhs sureohp
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i Ti e+E|jgE| _| dqg e+E| '  *L} e_E|*|
zlwk  ' ucuuZh vkdoo dssur{lpdwh e+u.Er e| dq lqihdvleoh surfhgxuh wkdw lv hdvlhu wr zrun zlwk1
Ohw 'W?Ew eh wkh vdph fulwhulrq ixqfwlrq zlwk eR& uhsodfhg e| R& ' RS6'
 '&
KE  i Ti +E jc
dqg ohw e+Wu.Er eh wkh plqlpl}hu ri 'W?Ew Lw lv d vwudljkwiruzdug dssolfdwlrq ri Jr}dor dqg Olqwrq
+4<<;/ Wkhruhp 5, wr ghgxfh wkh dv|pswrwlf glvwulexwlrq ri e+Wu.Er( vshflfdoo|/ zh rewdlq e+Wu.Er 







o'gEr  oKE o2 o i TE2 o+Erdi TE oE+E o +Er oS?
'
S6






o'gEr  oKE o o i TE o+Er0S?
'
S6
o'gEr  oKE o2 2o i TE2 o+Er

Zh qrz wxuq wr wkh ihdvleoh rqh0vwhs hvwlpdwru1 Lq wkh suhylrxv vhfwlrqv zh hvwdeolvkhg wkh
xqlirup dv|pswrwlf h{sdqvlrq e+Er  +Er n q?Er n k?Erc zkhuh k?Er lv d vxp ri lqghshqghqw
phdq }hur udqgrp yduldeohvc zkloh q?Er lv d ghwhuplqlvwlf eldv ixqfwlrq ^ ' ucuu`1 Frpelqlqj wkh
h{sdqvlrqv iru e+Wu.Er dqg e+Erc zh rewdlq diwhu vrph pdqlsxodwlrqv wkdw e+u.Er  e+Wu.ErnqWW? Er





'co ' gEr  oKE oKE  oe3 o+Er3 +E 
U
gE|  de3 E+E|3+E   o_|S?
'
S6












o'gEr  oKE o2 2o i TE2 o+Er

Qrwh wkdw wkh vwrfkdvwlf whupv iurp e+Er gr qrw dsshdu lq wkh dv|pswrwlfv iru e+u.Erc l1h1/ wkh
dv|pswrwlf yduldqfh ri e+u.Er lv wkh vdph dv wkdw ri e+Wu.Er( wklv iroorzv e| wkh vdph dujxphqwv
xvhg lq wkh surri ri Wkhruhp 41 Wkh eldv lv fkdqjhg wkrxjk1 Li zh lwhudwh rqfh pruh wkh yduldqfh lv









Wkh uvw sureohp zkhq lpsohphqwlqj wkh dojrulwkp lv wr fkrrvh d vxlwdeoh edqgzlgwk1 Wkh edqg0
zlgwk pxvw eh odujh hqrxjk wr surgxfh d vprrwk fxuyh/ zkloh rq wkh rwkhu ehlqj vpdoo hqrxjk
qrw wr surgxfh wrr pxfk eldv1 Lq wkh fdofxodwlrqv suhvhqwhg khuh zh kdyh xvhg wkh rfxodu phwkrg1
Iru dq dxwrpdwlf edqgzlgwk fkrlfh zh uhfrpphqg wkh Jhqhudol}hg Furvv0Ydolgdwlrq +JFY, phwkrg
glvfxvvhg lq Kdvwlh dqg Wlevkludql +4<<3/ s1 7<,1 Ghqrwh e| 7 wkh ?? vprrwkhu pdwul{ wkdw pdsv
5;
wkh yhfwru ri sulfhv lqwr wkhlu fruuhvsrqglqj suhvhqw ydoxhv1 Wklv pdwul{ kdv hohphqwv r/ zkhuh iru
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d wu E7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c +6<,
zkhuh e0 ' R S6o' KE oe_E o duh wkh fruuhvsrqglqj uhvlgxdov dqg e_Er lv dq| ri rxu hvwlpdwhv
ri _Er1 Plqlpl}lqj CT ryhu  surgxfhv dq hvwlpdwh ri wkh edqgzlgwk zklfk lv rswlpdo dffruglqj
wr phdq vtxduhg huuru/ xqghu vrph frqglwlrqv1
81415 Frqghqfh Lqwhuydov
Ohw
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 oe+Ero2 c
zkhuh e0 ' R S6o' KE oe_E o duh wkh fruuhvsrqglqj uhvlgxdov dqg e_Er lv dq| ri rxu hvwlpdwhv
ri _Er1 Wkhq e_Er	 5k*2e?Er
lv dq dv|pswrwlf   k frqghqfh lqwhuydo iru _Erc zkhuh 5k lv wkh   k txdqwloh ri d vwdqgdug
qrupdo glvwulexwlrq1 Dv lq xvxdo qrqsdudphwulf uhjuhvvlrq wklv surshuw| krogv li wkh eldv ri e_Er lv
5<
ri vpdoohu rughu wkdq E?3*21 Ehfdxvh xqghu dssursuldwh uhjxodulw| frqglwlrqv wkh eldv lv ri rughu
2c wklv uhtxluhv d fkrlfh ri  wkdw lv ri rughu JE?3*D +l1h1/ xqghuvprrwklqj,1 Iru rwkhu fkrlfhv ri
 wkh frqghqfh lqwhuydov qhhg eldv fruuhfwlrqv/ vhh wkh uhodwhg glvfxvvlrqv lq xvxdo qrqsdudphwulf
uhjuhvvlrq lq Kçugoh +4<<3,1 Ixuwkhupruh/
e+Er	 5k*2e+?Er
lv dq dv|pswrwlf  k frqghqfh lqwhuydo iru +Er vxemhfw wr wkh vdph surylvrv1
81416 Lpsohphqwlqj wkh dojrulwkp
Zh xvh wkh orfdo olqhdu h{srqhqwldo phwkrg wkurxjkrxw ehfdxvh ri lwv vxshulru eldv shuirupdqfh/
zklfk kdv ehhq hvwdeolvkhg lq vlpxodwlrqv dydlodeoh iurp wkh dxwkruv xsrq uhtxhvw1 Ixuwkhupruh/
wr wdnh dffrxqw ri wkh surqrxqfhg khwhurvnhgdvwlflw| zh xvh d zhljkwlqj vfkhph zlwk wkh zhljkw rq
erqg  ehlqj sursruwlrqdo wr wkh lqyhuvh ri wkh erqgv wlph wr pdwxulw| ^dv vxjjhvwhg e| Fkdpehuv
hw do1 +4<;7,`1 D frpsxwhu surjudp lq Sdvfdo lv dydlodeoh iurp Wdqjjddug dqg lq Jdxvv iurp Olqwrq
iru fduu|lqj rxw wkh fdofxodwlrqv1
815 Dssolfdwlrq
Wkh vprrwklqj surfhgxuh lv qrz looxvwudwhg xvlqj dfwxdo pdunhw gdwd1 Wkh gdwd frqvlvwv ri ghdohu
txrwhv ri XV Wuhdvxu| erqgv lq wkh 9 |hdu shulrg Qryhpehu 4<<3 wr Rfwrehu 4<<91 Wkh gdwd vhw
zdv rewdlqhg iurp wkh Ihghudo Uhvhuyh Edqn ri Qhz \run edvhg rq txrwdwlrqv dw 6=63 SP iurp d
vdpsoh ri pdunhw sduwlflsdqwv19 Dffruglqj wr wkh Ihghudo Uhvhuyh Edqn ri Qhz \run/ wkh sulfhv duh
eholhyhg wr eh uholdeoh/ wkxv/ uhsuhvhqwlqj dfwxdo wudglqj srvvlelolwlhv1
Wkh qxpehu ri rxwvwdqglqj lvvxhv dw d jlyhq wlph lv pruh wkdq 533/ dqg wkhuh duh vhyhudo frq0
vlghudwlrqv wr wdnh lqwr dffrxqw zkhq uhgxflqj wkh vdpsoh1 Iluvw ri doo/ fdoodeoh erqgv zlwk lqwhuhvw
udwh ghshqghqw fdvk rz pxvw eh uhpryhg1 Wrgd| doo XV Wuhdvxu| erqgv duh lvvxhg dv qrq0fdoodeoh/
dqg dv zh frqvlghu rqo| uhfhqwo| lvvxhg erqgv/ wklv lv uhdoo| qrw d sureohp1 Ehfdxvh zh xvh txrwhv
9Wkh gdwd zhuh srvwhg rq wkh iws0vhuyhu iws=22iws1q|1iue1ruj2tvkhhw1
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lqvwhdg ri wudghg sulfhv/ qrq0v|qfkurqrxv wudglqj lv qrw d sureohp1 Krzhyhu/ wd{folhqwhoh hhfwv
dqg looltxlglw| pd| dhfw wkh hvwlpdwlrq1
XV Wuhdvxu| qrwhv duh lvvxhg zlwk ruljlqdo uhghpswlrq gdwhv diwhu 5/6/8/43/ dqg 53 |hduv dqg zlwk
d frxsrq zklfk lv forvh wr wkh pdunhw udwh1 Wkxv/ lq d vkruw shulrg diwhu wkh dxfwlrq wkh erqgv pd|
wudgh forvh wr sdu1 Wklv uhgxfhv wkh hhfwv ri glhuhqw wd{dwlrq ri lqwhuhvw lqfrph dqg fdslwdo jdlqv1
Zh wkhuhiruh/ frqvlghu wkh suhvhqw ydoxh htxdwlrq rq d suh0wd{ edvlv1 W0Eloov duh }hur0frxsrq erqgv
zlwk uhpdlqlqj wlph wr pdwxulw| ohvv wkdq ru htxdo wr rqh |hdu1 Dv wkhuh lv qr lqwhuhvw lqfrph/ zh
fdq dovr frqvlghu W0Eloov dv sulfhg rq d ehiruh0wd{ edvlv1
Wkh pdunhw iru XV Wuhdvxulhv lv wkh prvw oltxlg vhfxulw| pdunhw lq wkh zruog1 Iru h{dpsoh/ wkh
elg0dvn vsuhdg rq d W0Eloo lv derxw 4249 wkh elg0dvn vsuhdg rq wkh kljko| oltxlg LEP vwrfn/ dqg wkh
W0Eloov duh dq rughu ri pdjqlwxgh pruh oltxlg wkdq wkh Qrwhv ri frpsdudeoh pdwxulw| ^vhh Dplkxg
dqg Phqghovrkq +4<<4,`1 Zh gr qrw nqrz wkh ghswk ehklqg wkh txrwhv xvhg khuh/ vr zh devwdlq
iurp d ghwdlohg vhohfwlrq dffruglqj wr oltxlglw|1 Exw/ iru hdfk gd| lq rxu vdpsoh zh jurxs wkh Qrwhv
dffruglqj wr wkhlu ruljlqdo pdwxulw| dqg vhohfw wkh prvw uhfhqwo| lvvxhg Qrwhv lq hdfk jurxs1 Wklv
lv ehfdxvh wkh prvw uhfhqw lvvxhg +rq0wkh0uxq, Qrwhv duh jhqhudoo| frqvlghuhg pruh oltxlg wkdq roghu
+r0wkh0uxq, lvvxhv1
Lq rughu wr uhgxfh wkh hhfwv ri kdylqj wr lqwhusrodwh wkh |lhog fxuyh ehwzhhq 8 dqg 43 |hduv zh
dovr vhohfw 5 erqgv zlwk uhpdlqlqj wlph wr pdwxulw| forvh wr exw ohvv wkdq :18 |hduv1 Ixuwkhupruh/
lq rughu wr dyrlg lqwhusrodwlqj wkh |lhog fxuyh ehwzhhq 43 dqg 53 |hduv zh h{foxgh wkh orqjhvw Qrwhv
+ruljlqdo pdwxulw| 53 |hduv,1 Ilqdoo|/ iru hdfk gd| zh lqfoxgh 45 W0Eloov1 Wkxv/ iru hdfk gd| zh kdyh
d vdpsoh ri 57 erqgv lq wkh pdwxulw| lqwhuydo iurp 3 wr 43 |hduv1 Dffruglqjo|/ zh vprrwk wkh |lhog
fxuyh rq wkh lqwhuydo dfc fo rqo|1
Wkh qh{w sureohp lv wkh vhohfwlrq ri dq dssursuldwh edqgzlgwk1 Zh kdyh dq dxwrpdwlf surfhgxuh
edvhg rq plqlpl}lqj wkh olqhdul}hg CT vwdwlvwlf1 Lq sulqflsoh zh fdq fkrrvh d qhz ydoxh ri  hyhu|
gd|1 Krzhyhu/ iru pdq| dssolfdwlrqv lw lv ehwwhu wr xvh d vxlwdeoh {hg edqgzlgwk hyhu| gd|1 Rqh
h{sodqdwlrq lv wkdw fkrrvlqj d qhz ydoxh ri  hyhu| gd| dggv vrph qrlvh1 Iru h{dpsoh/ srsxodu
prghov ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv ^Kxoo0Zklwh +4<<3, dqg Khdwk0Mduurz0Pruwrq +4<<5,`/
xvhg lq sulflqj lqwhuhvw0udwh ghulydwlyhv/ uhtxluh hvwlpdwhv ri wkh yrodwlolw| ri iruzdug lqwhuhvw udwhv1
Qhhgohvv wr vd| wkdw vxfk yrodwlolw| hvwlpdwhv fdq eh vhyhuho| dhfwhg e| qrlvh li iruzdug udwhv duh
64
hvwlpdwhg iurp frxsrq erqg gdwd1 Dw wkh ulvn ri lqwurgxflqj vrph h{wud eldv/ wkh sureohp fdq eh
uhgxfhg e| xvlqj wkh vdph {hg edqgzlgwk iru dq h{whqghg shulrg1 Fohduo|/ wklv pd| lq fhuwdlq
shulrgv jlyh eldvhg hvwlpdwhv/ dqg wkh surfhgxuh uhtxluhv d fduhixo ydolgdwlrq ri wkh uhvxowv1 Edvhg
rq ylvxdo lqvshfwlrq dqg h{shulphqwv zlwk dxwrpdwlf edqgzlgwk vhohfwlrq zh ghflghg wr  '  dv d
edqgzlgwk iru wkh ixoo shulrg1
Wkh vprrwklqj surfhgxuh dovr uhtxluhv d glvfuhwl}dwlrq ri wkh lqwhuydo dfc fo  Wklv glvfuhwl}dwlrq
lv xvhg dprqj rwkhu wklqjv iru hydoxdwlrq ri wkh lqwhjudo lq wkh vprrwklqj htxdwlrqv +vhh vhfwlrqv 617
dqg 618,1 Wkh ghqvlw| ri wklv julg pd| dhfw wkh hvwlpdwhg |lhog dqg iruzdug fxuyhv1 H{shulphqwv
zlwk glhuhqw ghqvlwlhv lqglfdwh wkdw wkhuh lv qr ylvleoh glhuhqfh ehwzhhq wkh uhvxowv zkhq xvlqj
433 dqg 4333 julg srlqwv1 Lq rughu wr vdyh frpsxwlqj wlph zh xvh d glvfuhwl}dwlrq ri dfc fo lqwr 433
lqwhuydov1
Lqvhuw jxuhv 40; derxw khuh
Iljxuh 4 vkrzv d wlph vhulhv sorw ri wkh hvwlpdwhg 3/ 8/ dqg 43 |hdu |lhogv1 Wkh hvwlpdwlrq gd|
zdv wkh 48wk ri hdfk prqwk +ru wkh qhduhvw wudglqj gd| wr wkh 48wk,1 Lq rughu wr dvvhvv wkh srvvleoh
hhfwv ri xvlqj d {hg edqgzlgwk zh dovr vkrz lq jxuh 5 wkh hyroxwlrq ri +hpslulfdo, urrw phdq
vtxduhg huuruv +UPVH, ^l1h1/
tS?
'e02 *?` iru hdfk gd| lq wkh shulrg1 H{fhsw iru d shhn lq 4<<4
wkhuh lv qr v|vwhpdwlf wlph vhulhv sdwwhuq lq wkh huuruv1 D pruh fduhixo lqyhvwljdwlrq uhyhdohg wkdw
wkh shdn lv gxh wr dq lqfuhdvhg vsuhdg lq wkh orqj hqg ri wkh whup vwuxfwxuh1 Wklv lv looxvwudwhg lq
jxuh 6/ zklfk vkrzv d vlplodu shdn lq wkh vsuhdg ehwzhhq wkh 43 dqg wkh :18 |hdu |lhog1 Zkhwkhu
wklv lv gxh wr d jhqxlqh lqfuhdvh lq wkh vsuhdg ru wkh uhvxow ri dq lqdssursuldwho| fkrvhq edqgzlgwk
zloo qrw eh sxuvxhg khuh1
Iljxuh 7 vkrzv wkh hvwlpdwhg |lhog fxuyh iru Rfwrehu 48/ 4<<9 wrjhwkhu zlwk dvvrfldwhg <8(
srlqwzlvh frqghqfh lqwhuydov1 Iru vpdoohu pdwxulwlhv wkh frqghqfh lqwhuydo lv derxw 53 edvlv srlqwv/
zkloh lq wkh orqj hqg wkh huuru lv frqvlghudeo| odujhu1 Wkh h{sodqdwlrq/ ri frxuvh/ lv wkdw doo erqgv
lq wkh vdpsoh frqyh| lqirupdwlrq derxw wkh vkruw hqg |lhogv/ zkloh wkh orqj hqg lv ghwhuplqhg e| d
ihz qrlv| lvvxhv1
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Iljxuh 7 wrjhwkhu zlwk wkh sorw ri wkh iruzdug fxuyh lq jxuh 8/ lqglfdwhv wkdw wkhuh lv d qhhg iru
d yduldeoh wkdw ydulhv dfurvv pdwxulwlhv1 Wklv sureohp zloo/ krzhyhu/ eh ohiw iru ixwxuh uhvhdufk1
Iljxuh 9 vkrzv wkh glvfrxqw ixqfwlrq iru Rfwrehu 48/ 4<<9 wrjhwkhu zlwk <8( frqghqfh srlqwzlvh
lqwhuydov1 Wkh glvfrxqw ixqfwlrq lv pxfk pruh vprrwk dovr iru orqjhu pdwxulwlhv wkdq wkh |lhog dqg
iruzdug fxuyhv1
Iljxuh : vkrzv d sorw ri sulfhv djdlqvw wwhg ydoxhv iru Rfwrehu 48/ 4<<91 H{fhsw iru d ihz rxwolhuv
wkh prgho fohduo| wv gdwd yhu| zhoo1 Wkh rxwolhuv pd| eh uhpryhg e| d pruh fduhixo vdpsoh vhohfwlrq
surfhgxuh wkdw pljkw lqfoxgh rqo| wkh prvw uhfhqw lvvxhv1 Wklv zloo/ krzhyhu/ qrw eh sxuvxhg ixuwkhu1
Ilqdoo|/ jxuh ; vkrzv d sorw ri uhvlgxdov djdlqvw wlph wr pdwxulw|1 Wkh judsk fohduo| ghprqvwudwhv
krz wkh yduldelolw| lq sulfhv lqfuhdvhv zlwk wlph wr pdwxulw|/ wkxv/ mxvwli|lqj wkh zhljkwlqj surfhgxuh1
9 H{whqvlrqv dqg Frqfoxvlrqv
Zh fdq xvh wkh qrqsdudphwulf phwkrgv ghvfulehg deryh wr surylgh d whvw ri d sdudphwulf vshflfdwlrq







qe_E  _ewE r2 ZE c
zkhuh e_ lv dq| ri wkh deryh qrqsdudphwulf hvwlpdwruv/ _
ew lv d sdudphwulf hvwlpdwru/ dqg Z lv d
zhljkwlqj ixqfwlrq xvhg wr grzqsod| erxqgdu| revhuydwlrqv1 Xqghu uhdvrqdeoh frqglwlrqv/ EA? 
>?*T
*2
? lv dv|pswrwlfdoo| vwdqgdug qrupdo xqghu wkh qxoo k|srwkhvlv wkdw _ ' _wf iru vrph wf/
zkhuh >?c T? duh wkh phdq dqg yduldqfh ri A?1 Vhh Kçugoh dqg Pdpphq +4<<6, iru dq h{srvlwlrq ri
wkh wkhruhwlfdo lvvxhv lqyroyhg1
Frqvlghudwlrq ri wd{ hhfwv/ frxsrq hhfwv/ dqg rwkhu dqrpdolhv kdyh ohdg ydulrxv dxwkruv wr
frqvlghu zkdw dprxqwv wr d vhplsdudphwulf prglfdwlrq ri wkh duelwudjh uhodwlrqvkls +7,1 Iru
h{dpsoh/ PfFxoorjk +4<:8, vshflhg wkdw
R ' E |S
6[
'
_E  n i- |CE- Rj_E6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E |SS6' _E 
E |C_E6 n-c
zkhuh S lv wkh frxsrq sd|hg iru  ' c    c 6 dqg - lv wkh uhghpswlrq ydoxh1 Kh dvvxphg wkdw wkh
fdslwdo jdlqv udwh |C lv nqrzq exw wkh lqfrph wd{ iru wkh pdujlqdo lqyhvwru |c lv qrw nqrzq dqg
pxvw eh hvwlpdwhg iurp wkh gdwd dorqj zlwk wkh glvfrxqw ixqfwlrq1 Vhh dovr / vhh Mrugdq +4<;7, dqg




KE c ~c w_E  n k
Af n 0c +73,
zkhuh ~ dqg f duh ri fryduldwhv wkrxjkw wr dhfw wkh erqg sulfh1 Wkh sd|phqw ixqfwlrq prg0
lfdwlrq lv riwhq xqghuwdnhq wr dffrxqw iru wd{hv/ zkhuh qrw doo uhohydqw wd{ udwhv duh nqrzq zlwk
fhuwdlqw| dqg khqfh vkrxog eh hvwlpdwhg iurp wkh gdwd1 Oltxlglw| hhfwv fdq dovr eh prghoohg lq wklv
zd|1 Wkh dgglwlyh hhfw ri f kdv d pruh lqirupdo mxvwlfdwlrq lq whupv ri orrnlqj iru v|vwhpdwlfdoo|
glhuhqw sulflqj ri vrph jurxs ri erqgv olnh orz frxsrqv1 D jhqhudo hvwlpdwlrq phwkrg wkdw zrunv
khuh lv wr dsso| rxu qrqsdudphwulf hvwlpdwlrqv iru hdfk sdudphwhu ydoxh wc k dqg wkhq rswlpl}h vrph
surohg olnholkrrg ixqfwlrq/ dv iru h{dpsoh lq Nohlq dqg Vsdg| +4<<7,1 Zh mxvw rxwolqh wkh wkhru|
iru wkh fdvh zkhuh KE c ~c w ' KE c zklfk lqfoxghv wkh Hqjoh hw do1 +4<;9, prgho1





' KE wE j2 zlwk uhvshfw wr ixqfwlrqv wE ^dqg ohw e_E eh wkh hpslulfdo
yhuvlrq`: Zh wdnh  ' R dqg  ' f,c uhvshfwlyho|1 Wklv rshudwlrq lv d surmhfwlrq/ l1h1/ lv olqhdu








' KE _RE  dqg f , '
S6
' KE _f,E c zkloh f  lv wkh yhfwru ri doo f ,
Vxewudfwlqj +74, iurp +73, jlyhv wkh uhjuhvvlrq htxdwlrq R  R ' kA Ef f  n 0 Zh qrz uhsodfh
R dqgf , e| wkh hvwlpdwhv eR 'S6' KE e_RE  dqg ef , ' S6' KE e_f,E  frqvwuxfwhg deryh
dqg ohw
ek ' % ?[
'
Ef  ef Ef  ef A&3 ?[
'
Ef  ef ER  eR
:Li xl lv udqgrp wkhq wkh olplw vkrxog eh lqwhusuhwhg dv wkh doprvw vxuh olplw/ zklfk lv dvvxphg wr h{lvw1
67
Wklv hvwlpdwru lv vlplodu wr wkh Urelqvrq +4<;;, hvwlpdwru ri wkh vorshv lq sduwldoo| olqhdu uhjuhvvlrq
h{fhsw wkdw zh kdyh uhsodfhg frqglwlrqdo h{shfwdwlrq e| d glhuhqw w|sh ri surmhfwlrq1 Kdylqj
hvwlpdwhg kc zh ohw e_
ekE eh e_E dssolhg wr R  ekAf Lw lv srvvleoh wr hvwdeolvk wkh dv|pswrwlf
surshuwlhv ri ek xqghu voljkwo| vwurqjhu uhjxodulw| frqglwlrqv1 Vshflfdoo|/ zh pxvw kdyh wkdw f
grhv qrw lwvhoi olh lq wkh olqhdu vsdfh iS6' KE wE  G w 5 u2j Ixuwkhupruh/ zh pxvw xvh
xqghuvprrwklqj wr frqwuro wkh eldv whupv1 Zh wkhq kdyh=
s
?Eek k ', Efcl3xl3c +75,












'.EEf  f Ef  fA o
Ixuwkhupruh/ e_
ekE kdv wkh vdph dv|pswrwlf glvwulexwlrq dv e_kfE Ilqdoo|/ wkh dv|pswrwlf fryduldqfh
pdwul{ fdq eh frqvlvwhqwo| hvwlpdwhg e| el3exel3 zkhuh ex ' 
?
S?




'Ef ef Ef  efA c zkhuh e0 ' R S6' KE e_E  ekAf duh uhvlgxdov1 Wkh fryduldwhv
fdq eh glvfuhwh ru frqwlqxrxv1 Wklv phwkrg fdq hdvlo| eh h{whqghg wr lqfrusrudwh sdudphwulf ru
qrqsdudphwulf khwhurvnhgdvwlflw| lq wkh huuruv1
: Dsshqgl{= Surriv ri Wkhruhpv
Surri ri Wkhruhp 41 Iru vlpsolflw| zh vxssrvh wkdw Frqglwlrq D5 krogv zlwk V ' 1 Wkh
jhqhudo fdvh fdq eh wuhdwhg e| voljkwo| pruh frpsolfdwhg dujxphqwv1 Zh vwduw zlwk wkh surri ri
+64,1 Vxssrvh wkdw D4 dqg D5 krog dqg wkdw D7 krogv iru d qlwh lqwhuydo 71 Zh qrwh uvw wkdw iru
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igEr    _rj  +78,
Iru wkh surri ri +64, zh vkrz uvw wkdw
. e_uEr _Er ' qu? Er +79,
Iru wkh surri ri +79, qrwh uvw wkdw htxdwlrq +77, lpsolhv wkdw
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Wklv htxdwlrq fdq eh zulwwhq dv
. e_uEr _Er ' qWcu? Er n ] eMErc | k. e_uE| _E|l _|
Lwhudwlyh dssolfdwlrq ri wklv htxdwlrq jlyhv +79, ehfdxvh ri +D5,1
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mh_uEr h_WuErm ' J EE?3*2 +7;,
Wkhuhiruh/ +79, dqg +7:, lpso| +64,1
Iru wkh surri ri fodlp +7:, zh zloo vkrz
tT
rM7
m eK&u h_WuErm  4&-?c +7<,
zkhuh 4 	  lv lqwurgxfhg lq Frqglwlrq +D5, dqg zkhuh -? lv d udqgrp yduldeoh zlwk -? '
J EE?






eK&u h_WuErm  "[
&'
4&-? ' -?*E 4 ' J EE?3*2
Iru wkh surri ri +7<, zh zloo vkrz wkdw
n eKu h_Wun2 ' J EE?3*2c +83,
tT
rM7
m eKu h_WuErm ' J EE?3*2 +84,
Zh dujxh qrz wkdw +83, dqg +84, lpso| +7<,1 Qrwh wkdw +D5, lpsolhv
n eK&u h_Wun2  4&3n eKu h_Wun2
iru &  1 Ehfdxvh ri +76, wklv lpsolhv
tT
rM7
m eK&u h_WuErm  n eK&3u h_Wun2  4&-?
6:
iru &  2 zlwk -? ' n eKu h_Wun2*421 Zlwk +83, dqg +84, zh jhw +7<,1 Vr iru wkh surri ri +64, lw
uhpdlqv wr vkrz +83, dqg +84,1 Iru wkh surri ri +83, zh jhw xvlqj +D4, dqg +56,
.n eKu h_Wun22 ' . ?2
?[
c'
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' JEE?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
Wklv vkrzv +83,1 Iru wkh surri ri +84, zh zulwh






] eMuErc -E _
Qrwh uvw wkdw iru r 5 7 dqg @c S : f zh kdyh
hE E?*2d eKu h_WuEro : S














zkhuh wkh lqghshqghqfh ri wkh huuru yduldeohv 0 kdv ehhq xvhg1 Zh xvh qrz i TE%   n % n
E*2%2d n i TE%o1 Zlwk _Er ' E@*S *L}E?E*?*2oEr0 wklv jlyhv wkh iroorzlqj xsshu erxqg
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Zh xvh qrz wkdw iru d frqvwdqw ( wkh iroorzlqj lqhtxdolw| krogv
. 02 d n i T E_Ero  (
Wklv iroorzv iurp wkh xqlirup erxqg iru wkh Odsodfh wudqvirup ri 0/ vhh +5:,/ dqg iurp
tT
rM7
E@*S *L}E?E*?*2moErm $ fc
vhh +57,1 Lq d qh{w vwhs zh dsso|  n %  i TE%1 Wklv jlyhv

















 ?3@E n JEc
zkhuh lq wkh odvw vwhs +56, kdv ehhq xvhg/ vhh dovr Frqglwlrq D71 Zlwk wkh vdph dujxphqwv rqh jhwv
d erxqg iru hE E?*2d eKu h_WuEro 	 S1 Wklv jlyhv wkdw iru @c S : f
hE E?*2m eKu h_WuErm : S  ?3@E2 n JE
Wklv lpsolhv wkdw iru doo frqvwdqwv K : f dqg qlwh vhwv 7?  7 zlwk ?K hohphqwv zh kdyh wkdw
tT
rM7?
m eKu h_WuErm ' J EE?3*2 +85,
Ehfdxvh 0 kdv d erxqghg Odsodfh wudqvirup ^vhh +5:,` lw krogv wkdw tT$$? m0m '  E*L}E?





eKu h_WuErm ' J E?





m eKu h_WuEr eKu h_WuE|m ' J EE?3*2 +86,
6<
Fodlp +84, iroorzv iurp +85, dqg +86,1 Wklv vkrzv +64,1 Qrwh wkdw wkh deryh dujxphqw fdq eh
h{whqghg wr doorz iru rqo| d qlwh qxpehu ri prphqwv rq 0 xvlqj d wuxqfdwlrq dujxphqw/ surylghg
vwurqjhu dvvxpswlrqv rq wkh rshudwru eKu duh pdgh1 Zh frph qrz wr wkh surri ri +63,1 Ehfdxvh ri
+79, zh kdyh wr vkrz s
?h_uErru? Er3 ', Efc  +87,
lq glvwulexwlrq1 Zh dujxh qrz wkdw
h_uEr h_WuEr ' J EE?3*2 +88,
Wklv iroorzv dv lq wkh surri ri +7;, zkhuh qrz 7 ' irj1 Qrwh wkdw qrz/ ehfdxvh 7 lv qlwh/ wkh surri
ri +84, iroorzv lpphgldwho| iurp +56, dqg wkh erxqghgqhvv ri j2 / vhh +D4,1 Ehfdxvh ri +88, dqg +59,
Iru wkh surri ri +87, lw vx!fhv wr vkrz
s
?h_WuErru? Er3 ', Efc  +89,
lq glvwulexwlrq1 Qrwh wkdw h_WuEr ' s*? ?[
'
-Er0
Qrz/ fodlp +89, iroorzv zlwk d vwdqgdug yhuvlrq ri wkh fhqwudo olplw wkhruhp iurp +58, dqg wkh
h{lvwhqfh ri d xqlirup erxqg iru .02nB / vhh +D4,1 Wklv qlvkhv wkh surri ri Wkhruhp 41
Surri ri Wkhruhp 51 Fodlpv +6:, dqg +6;, fdq eh vkrzq dv lq wkh surri ri Wkhruhp 41
Xqghu wkh dgglwlrqdo dvvxpswlrq ri E6 rqh jhwv wkdwEr lv dv|pswrwlfdoo| htxlydohqw wr d gldjrqdo











 odE o  r*o21 Xvlqj h{sdqvlrq +6;, iru 7 ' irj rqh jhwv wkdw e_uuEr kdv wkh vdph dv|pswrwlf
yduldqfh dv e_uEr1
73



















'Ef  f Ef  f Aj
R$ l dqg I
?
S?
'Ef  f 0 , Efcx e| vwdqgdug odzv ri
odujh qxpehuv dqg fhqwudo olplw wkhruhpv iru lqghshqghqw udqgrp yduldeohv uhvshfwlyho|1 Wkh surri
ri +8:,0+8<, lv vlplodu wr Urelqvrq +4<;;,1 Fohduo|/ +8:, iroorzv gluhfwo| iurp wkh xqlirup h{sdqvlrq
















2gE    o 
Wkh pdjqlwxgh ri +93, iroorzv iurp vwdqgdug nhuqho dujxphqwv1 Wkh eldv whupv lq +8<, duh ri rughus
?e
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D qhz phwkrgrorj| iru frqwlqjhqw fodlpv ydoxdwlrq1 Hfrqrphwulfd 93/ ::04381
Krurzlw}/ M1O1 +4<<;,1 Vhplsdudphwulf phwkrgv lq hfrqrphwulfv1 Vsulqjhu0Yhuodj= Ehuolq1
Kxoo/ M1/ dqg D1 Zklwh +4<<3,1 Sulflqj lqwhuhvw udwh ghulydlwyh vhfxulwlhv1 Uhylhz ri Ilqdqfldo
Vwxglhv 6/ 8:608<51
Mrugdq/ M1 Y1 +4<;7,1 Wd{ hhfwv lq whup vwuxfwxuh hvwlpdwlrq1 Mrxuqdo ri Ilqdqfh 6</ 6<607391
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Nohlq/ U1 Z1 dqg Vsdg|/ U1 K1 +4<<7,1 Dq H!flhqw Vhplsdudphwulf Hvwlpdwru iru Elqdu| Fkrlfh
Prghov1 Hfrqrphwulfd 94/ 6;:07541
Oljkwkloo/ P1 M1 +4<8;,1 Lqwurgxfwlrq wr Irxulhu Dqdo|vlv dqg Jhqhudol}hg Ixqfwlrqv1 Fdpeulgjh
Xqlyhuvlw| Suhvv/ Orqgrq1
Olqwrq/ R1 E1 +4<<;,1 H!flhqw hvwlpdwlrq ri jhqhudol}hg dgglwlyh qrqsdudphwulf uhjuhvvlrq prghov1
Wr dsshdu/ pd|eh/ lq Hfrqrphwulf Wkhru|1
Olqwrq/ R1 E1/ Pdpphq/ H1 dqg Qlhovhq/ M1 S1 +4<<:,1 Wkh h{lvwhqfh dqg dv|pswrwlf surshuwlhv ri d
edfnwwlqj surmhfwlrq dojrulwkp xqghu zhdn frqglwlrqv1 Dydlodeoh dw kwws=2zzz1hfrq1|doh1hgx2olqwrq1
PfFxoorxjk/ M1 K1 +4<:4,1 Phdvxulqj wkh whup vwuxfwxuh ri lqwhuhvw udwhv1 Wkh Mrxuqdo ri Exvlqhvv/
77/ 4<0641
PfFxoorxjk/ M1 K1 +4<:8,1 Wkh Wd{0Dgmxvwhg \lhog Fxuyh1 Wkh Mrxuqdo ri Ilqdqfh/ 63/ ;440;631
Pdpphq/ H1 +4<<4,1 Qrqsdudphwulf uhjuhvvlrq xqghu txdolwdwlyh vprrwkqhvv dvvxpswlrqv1 Wkh
Dqqdov ri Vwdwlvwlfv 4</ :740:8<1
Pdw}nlq/ U1O1 +4<<7,1 Uhvwulfwlrqv ri hfrqrplf wkhru| lq qrqsdudphwulf phwkrgv1 lq wkh Kdqgerrn
ri Hfrqrphwulfv yroxph 7/ hgv1 U1I1 Hqjoh dqg G1I1 PfIdgghq1 ss 58560588;1
Qhovrq/ F1U1 dqg Vlhjho/ D1 I1 +4<;:,1 Sduvlprqlrxv Prghoolqj ri \lhog Fxuyhv/ Mrxuqdo ri Exvlqhvv/
93/ 7:607;<1
Qhzh|/ Z1 N1 dqg Srzhoo/ M1 O1 +4<;;,1 Lqvwuxphqwdo yduldeohv hvwlpdwlrq iru qrqsdudphwulf uh0
juhvvlrq prghov1 Pdqxvfulsw1
Qlhovhq/ M1 S1 dqg Olqwrq/ R1 E1 +4<<;,1 Dq rswlpl}dwlrq lqwhusuhwdwlrq ri lqwhjudwlrq dqg edfnwwlqj
hvwlpdwruv iru vhsdudeoh qrqsdudphwulf prghov1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv
E/ 93/ 54:05551
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Q|fknd/ G1/ Zdked/ J1/ Jrogidue/ V1 dqg Sxjk/ W1 +4<;7,1 Furvv0ydolgdwhg vsolqh phwkrgv iru
wkh hvwlpdwlrq ri wkh wkuhh0glphqvlrqdo wxpru vl}h glvwulexwlrqv iurp revhuydwlrqv rq wzr0
glphqvlrqdo furvv0vhfwlrqv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :</ ;650;791
Rsvrphu/ M1 G1 dqg G1 Uxsshuw +4<<:,1 Ilwwlqj d elyduldwh dgglwlyh prgho e| orfdo sro|qrpldo
uhjuhvvlrq1 Dqqdov ri Vwdwlvwlfv 58/ 4;9 0 5441
R*Vxoolydq/ I1 +4<;9,1 Loo srvhg lqyhuvh sureohpv +zlwk glvfxvvlrq,1 Vwdwlvwlfdo Vflhqfh 7/ 836085:1
Suhvv/ Z1 K1/ Whxnrovn|/ V1 D1/ Yhwwhuolqj/ Z1 W1 dqg Iodqqhu|/ E1 S1 +4<<5,1 Qxphulfdo Uhflshv
lq F/ 51 hg1/ Fdpeugljh Xqlyhuvlw| Suhvv
Ulhv}/ I1 dqg V}10Qdj|/ E1 +4<<3,1 Ixqfwlrqdo Dqdo|vlv1 Gryhu/ Qhz \run1
Urelqvrq/ S1 P1 +4<;;,1 Urrw0Q0Frqvlvwhqw Vhplsdudphwulf Uhjuhvvlrq1 Hfrqrphwulfd/ 89/ <640<871
Uxvw/ M1 +4<<:,1 Xvlqj udqgrpl}dwlrq wr euhdn wkh fxuvh ri glphqvlrqdolw|1 Hfrqrphwulfd 98/
7;:08491
Vfkdhihu/ V1 P1 +4<;4,1 Phdvxulqj d wd{0vshflf whup vwuxfwxuh ri lqwhuhvw udwhv lq wkh pdunhw iru
Eulwlvk jryhuqphqw vhfxulwlhv1 Wkh Hfrqrplf Mrxuqdo/ <4/ 748076;1
Vkhd/ J1 V1 +4<;7,1 Slwidoov lq Vprrwklqj Lqwhuhvw Udwh Whup Vwuxfwxuh Gdwd= Htxloleulxp Prghov
dqg Vsolqh Dssur{lpdwlrqv1 Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 4</ 586059<1
Vyhqvvrq/ O1 H1 R1 +4<<7,1 Hvwlpdwlqj dqg Lqwhusuhwlqj Iruzdug Lqwhuhvw Udwhv= Vzhghq 4<<507/
FHSU Glvfxvvlrq Sdshu 43841
Wdqjjddug/ F1 +4<<5,1 Nhuqho vprrwklqj ri glvfrxqw ixqfwlrqv1 Ddukxv Vfkrro ri Exvlqhvv Zrunlqj
sdshu qr <50;1
Wdqjjddug/ F1 +4<<:,1 Qrqsdudphwulf vprrwklqj ri \lhog Fxuyhv1 Uhylhz ri Txdqwlwdwlyh Ilqdqfh
dqg Dffrxqwlqj </ 584059:1
Wklvwhg/ U1 D1 +4<;;,1 Hohphqwv ri Vwdwlvwlfdo Frpsxwlqj/ Fkdspdq dqg Kdoo Owg/ Orqgrq1
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Wv|ednry/ D1 E1 +4<;9,1 Urexvw uhfrqvwuxfwlrq ri ixqfwlrqv e| wkh orfdo dssur{lpdwlrq phwkrg1
Suredelolw| dqg Lqirupdwlrq Wudqvplvvlrq/ 55/ 466791
Ydvlfhn/ R1D1 dqg Irqj/ K1J1 +4<;5,1 Whup Vwuxfwxuh Prghoolqj xvlqj H{srqhqwldo Vsolqhv1 Wkh
Mrxuqdo ri Ilqdqfh/ 6:/ 66<067;1
Zdked/ J1 +4<<3,1 Vsolqh Prghov iru Revhuydwlrqdo Gdwd1 FEPV0QVI Uhjlrqdo Frqihuhqfh Vhulhv
lq Dssolhg Pdwkhpdwlfv/ VLDP/ Sklodghoskld1
Zhlqvwrfn/ U1 +4<84,1 Fdofxoxv ri yduldwlrqv1 Gryhu1 Qhz \run1
Iljxuhv
Iljxuh 41 Hvwlpdwhg |lhogv/ Qryhpehu 4<<3 0 Rfwrehu 4<<91
Iljxuh 51 Urrw phdq vtxduhg huuru/ Qryhpehu 4<<3 0 Rfwrehu 4<<91
Iljxuh 61 \lhog fxuyh vsuhdg/ Qryhpehu 4<<3 0 Rfwrehu 4<<91
Iljxuh 71 \lhog fxuyh zlwk <8( frqghqfh lqwhuydov/ Rfwrehu 48/ 4<<91
Iljxuh 81 \lhog dqg iruzdug fxuyhv/ Rfwrehu 48/ 4<<91
Iljxuh 91 Glvfrxqw ixqfwlrq zlwk <8( frqghqfh lqwhuydov/ Rfwrehu 48/ 4<<91
Iljxuh :1 Glvfrxqwhg ydoxhv djdlqvw sulfh/ Rfwrehu 48/ 4<<91
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